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Abstract

A new multi-dimensional inversion technique has been developed here to describe the
transport of neutral particles inside a host medium. This thesis focuses on applications
relating to the transport of near infrared photons during medical optical tomography. The
nature of the inversion problem is to reconstruct cross-sectional images of the optical
properties of highly scattering biological tissue from source measurements and detector
readings performed on the surface of the domain. The transport of optical radiation is
described according to the one-speed time-dependent Boltzmann transport equation. A
Streamline Upwinded Petrov-Galerkin (SUPG) finite element method is used to spatially
discretise the Boltzmann transport equation, a Discontinuous Galerkin (DG) method is
used to discretise the time domain, and spherical harmonic basis functions are used to
represent the angle of photon travel. SUPG methods form a robust coupling between time
and space dimensions. A stabilisation term, designed specifically for inverse problems,
is incorporated into the discretisation to ensure an optimal modelling method for both
optically thick and optically thin media. We demonstrate the capabilities of inversion
using both steady state and time dependent information and draw comparisons between

full radiation transport theory and diffusion theory.

A least squares functional optimisation method is used to solve the inverse problem. An
error functional representing the forward model misfit measured at the detectors is min-
imised using a gradient based, least squares optimisation scheme and is obtained by dif-
ferentiating the discrete forward model. This results in the reconstruction of the spatial
distribution of scattering and absorption coefficients inside the domain. Photon propa-
gation in layered tissue environments can produce non-unique solutions to the inverse
problem when insufficient data is supplied to the model. Special attention is therefore
given to the use of model covariance matrices and data weighting to assist the inversion

process to arrive at a physically plausible result.
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The dashed line represent results for obtained for calculations performed
using 8 sources and 8 detectors and the dotted line represents the exact

solution. The inversion was performed for 100 iterations. . . . . . . . . .

A two dimensional structured finite element circular mesh of diameter
7cm with an embedded void-like ring of thickness 0.5cm. The ring ex-
tends between a radius of 2cm to a radius of 2.5cm from the centre of
the domain. The steady state problem has 2210 nodes and 3296 bi-linear

quadrilateral elements. . . . . ... ... Lo o

Absorption (left hand side) and scattering (right hand side) reconstruc-
tion results for a circular problem containing an embedded transparent
ring. P; (top) and P; (bottom) angular expansions are used to obtain the
steady state reconstruction results. The calculations took 13 iterations and
24 iterations to converge during the P; and P; angular approximations re-
spectively. The legend illustrated at the bottom of the figure depicts the
range in magnitude of the absorption coefficient (left hand side) and scat-

tering coefficient (right hand side) for the P; angular approximation. . . .
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Error functional as a function of iteration number. During both P; (top
graph) and P; (bottom graph) angular approximations the error func-
tional is reduced most dramatically during early stages of the inversion.
A sharper descent in the error functional is observed for the P5; angular
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Two dimensional structured finite element circular meshes of diameter
7cm with embedded void rings of thicknesses (from left to right) 0.125¢cm,
0.25cm, 0.5cm, and 0.75cm. The rings are embedded 1.0cm from the
surface of the domain. Each of the time dependent problems have 2210
nodes, 3296 bi-linear quadrilateral elements and 5 Discontinuous Galerkin
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Scalar flux as a function of two dimensional space (x and y) for the exact
solution at time levels 1 (top left hand side graph), 2 (top middle graph), 3
(top right hand side graph), 4 (bottom left hand side graph), and 5 (bottom
right hand side graph) respectively. A P, angular approximation has been
used to obtain each of the above images. The scalar flux extends up to

2

a maximum magnitude of over 100cm~2s~! during the first time step,

250cm 25! during the second time step, 125¢m ~2s~! during the third

2 2

time step, S5cm 25! during the fourth time step and 25¢m 25! during

the fifthtimestep. . . . . . . . . . . . ... ..

Absorption (left hand side) and scattering (right hand side) reconstruction
results for a circular problem containing an embedded void ring. Ring
thicknesses of 0.125cm (top images), 0.25cm (top middle image), 0.5cm
(bottom middle image) and 0.75cm (bottom image) are investigated. A

time-dependent P; angular expansion is performed for 50 iterations. . . .
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Absorption coefficient (left hand side) and scattering coefficient (right
hand side) as a function of distance along the x-axis for a transparent ring
of thickness 0.125cm (top set of graphs) and a transparent ring of thick-
ness 0.25cm (bottom set of graphs). The solid lines represent the exact
solution, while the dashed line represents the transient P; reconstruction

after S0 iterations. . . . . . . . . ...

Absorption coefficient (left hand side) and scattering coefficient (right
hand side) as a function of distance along the x-axis for a transparent ring
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tion, while the dashed line represents the transient P; reconstruction after
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Reduction of the error functional during the first 50 iterations of the tran-
sient inversion illustrated in figure 7.23. The solid line represents the
reduction in error functional for a transparent ring of thickness 0.125cm,
the dashed line represents the reduction in error functional for a transpar-
ent ring of thickness 0.25cm, the dot-dashed line represents the reduction
in error functional for a transparent ring of thickness 0.5cm and the dotted
line represents the reduction in error functional for a transparent ring of

thickness 0.75cm. . . . . . . . . ... e

Scalar flux versus time for the first source at a) the second detector loca-
tion, b) the third detector location, c¢) the fourth detector location and d)
the fifth detector location. The graphs compare the exact solution (solid
line) to the forward model result after 1 iteration (dot-dashed line) and
the forward model result after 50 iterations (dashed line). Calculations
were performed for a void of thickness 0.25cm. The exact solutions using
25 Discontinuous Galerkin time steps are also illustrated (dotted line) in

eachgraph. . . . . . . .. ...
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graphs compare the exact solution (solid line) to the forward model result
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steps are also illustrated (dotted line) in each graph. . . . . . . . ... ..
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The graph compares the exact solution (solid line) to the forward model
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side graph corresponds to results obtained using a void thickness of 0.5cm
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void thickness of 0.75cm. . . . . . . . . . . .

Absorption (top image) and scattering (bottom image) reconstruction re-
sults for a circular problem containing an embedded transparent ring. The
ring is 0.5cm thick and is embedded 1cm deep inside the domain. The in-
version was performed for 50 iterations using a P; angular expansion.
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Chapter 1

| ntroduction

Optical tomography is a non-invasive and relatively inexpensive modality capable of func-
tional imaging [2, 3, 4, 5]. During optical tomography near infrared light, of wavelength
650nm-900nm, is guided, on to the surface of a subject using a series of fibre optic
sources. While inside the medium, the near infrared radiation undergoes a series of ab-
sorption and scattering events before re-emerging through the surface where it is received
by detection apparatus [6, 7]. A reconstruction of the spatial distribution of optical prop-
erties (in this work - scattering and absorption coefficients) contained inside the medium
is attempted from the transmitted and/or reflected intensities received by the detectors.
Subject areas that benefit from such technology include medical physics, oceanography,

atmospheric science, astrophysics, and neutron physics [8, 9, 10, 11].

The field of biomedical optics [12, 13] has greatly benefited from tomographic tech-
nology in diagnosing and monitoring the treatment of disease. Pathological conditions
often provide a contrast in tissue optical properties when compared to healthy tissue
[14]. These contrasts can be exploited to provide (three dimensional) qualitative and
quantitative optical images. Several fields of medicine have particularly benefited from
optical techniques. Optical imaging has been used to functionally image brain activity
[12, 15, 16, 17], monitor blood oxygenation [18, 19, 20, 21], and to detect cerebral haem-
orrhaging [6, 22], osteoarthritis, rheumatoid arthritis [23, 24], and Alzheimer’s disease

[25]. In cancer and tumour research, optical tomography could be used in the diagno-
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sis and monitoring of breast [26], prostate and brain tumours along with skin and breast
cancers [27, 28, 29, 30, 31]. The non-invasive properties of optical radiation together
with optical tomography’s relative affordability compared to most conventional imaging
technology make it a desirable method to develop and utilise as a mainstream imaging

procedure.

The quality of the optical property reconstruction is strongly dependent on the accuracy
of the forward model. Since the transport of near infrared photons in biological me-
dia is generally regarded as diffuse, many researchers use the diffusion approximation
[32, 33, 34] to approximate the more generally applicable Boltzmann transport equation
[3,4,26, 35, 36]. However, the diffusion approximation fails in regions where the absorp-
tion coefficient is comparable to the scattering coefficient, and also in regions where both
scattering and absorption are either very low or negligible (void-like regions) [36, 37].
The clear, virtually transparent, layer of cerebrospinal fluid (CSF) that surrounds the hu-
man brain makes brain imaging particularly problematic using diffusion theory. Regions
that do not comply with the constraints of the diffusion approximation must be accounted
for if optical tomography should develop into a conventional imaging tool. Numerical
methods that can tolerate tissues that do not comply with the constraints of the diffusion
approximation include Monte Carlo [38, 39] and full radiation transport models that rely
on the Boltzmann transport equation [40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51]. Al-
though Monte Carlo methods provide correct solutions the simulations are often too slow
to be used for realistic geometries such as those required in brain and breast imaging.
Radiation transport models that solve the Boltzmann transport equation provide a suit-
able alternative to diffusion theory but are often difficult to solve and require much larger
computational time scales to perform an image reconstruction. As such, many research
groups still rely on either diffusion theory or radiation-diffusion hybrid models to perform

tomographic image reconstructions [52, 53, 54].

Incorporating time dependent information into the imaging domain can also be used to
improve the accuracy of the forward model [50, 51]. However, in many areas of optical
imaging, scattering dominant light transport often makes it difficult or even impossible
to observe an accurate temporal signal [55, 56, 57]. Factors that reduce signal quality

include, noise, the small size of the time window in which photons are observed, and
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the relatively small number of photons observed at the detectors (e.g. when imaging
the neonatal brain). A finite element, Streamline Upwinded Petrov-Galerkin (SUPG)
technique [58, 59, 60, 61, 62] has been used here to discretise the Boltzmann transport
equation in space and time. Angular discretisation is achieved using spherical harmonics.
SUPG methods are accurate and robust across all radiation transport regimes from opti-
cally thick to thin media and provide an accurate coupling between the time and space
dimensions. For inversion regimes, the SUPG method is designed to yield a set of dis-
crete equations that can be differentiated with respect to an object’s material properties.
This allows gradients to be formed as part of the inversion procedure. The SUPG time
stepping method uses a Discontinuous Galerkin (DG) discretisation of the time domain
that has the ability to use large time steps while still capturing the essential features of the

time dependent signal.

Scattering dominant light transport [63, 64, 65] is a limiting factor in the development of
optical tomography. During most conventional medical imaging techniques (such as CT
and SPECT) scattering is neglected and the path of the detected photon is assumed to be
a straight line between a chosen source-detector pair. For low scattering environments
the reconstruction problem can therefore be formulated, as a system of linear equations,
directly derived from the Boltzmann transport equation. For strongly scattering environ-
ments, such as those posed in near infrared optical tomography, the progressive influence
of scattering with distance makes the scattering problem complex and non-linear [66, 67].
The solution therefore does not only involve the calculation of optical properties but must
also take in to account the intensity and direction of the scattered photons while inside the
host medium. Consequently there is not a generally applicable direct method for imag-
ing highly scattering phenomena, and instead, non-linear, iterative inversion methods are
applied to evaluate optical properties [3, 4, 26, 35, 40, 41, 42, 68, 69, 70]. Such tech-
niques include the first order methods such as the non-linear conjugate gradient method
and techniques that use second order methods such as the Levenberg-Marquardt method

[71,72,73].

A multi-dimensional inversion scheme is developed in this thesis to describe the transport
of photons during near infrared optical tomography. The technique enables the recon-

struction of optical property distribution in two and three dimensions for arbitrary model
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geometries and for arbitrary source and detector positions along the boundary of the do-
main. The inverse problem is posed as a functional optimisation problem [41, 69, 74, 75,
76]. Functional optimisation techniques employ a forward model that provides detector
readings based on estimates of the distribution of optical properties inside the medium.
The predicted detector readings are compared alongside observed data and are quantified
using an error functional. The functional is minimised by iteratively updating the trial
estimates and performing new forward calculations with the updated optical properties.
Iterations are performed until the predicted data agrees with the detector readings. The

final distribution of optical properties is then displayed as an image.

Non-linear inversion schemes are frequently ill-posed. Model covariance regularisation
overcomes the problem of ill-posedness at the expense of limiting the allowed models to a
class of model that is compatible with the provided model covariance information. Func-
tional optimisation techniques are highly desirable because they allow the straightforward
inclusion of model covariance constraints by including additional terms in the error func-
tional. For calculations performed in this thesis, two additional functional terms have
been added to the data misfit functional, penalising both structure and any deviation from
the starting model [74, 75]. It is also desirable to use second order derivative optimi-
sation schemes such as the Levenberg-Marquardt method over first order optimisation
schemes such as the non-linear conjugate gradient method, since Levenberg-Marquardt
calculations treat regularisation terms implicitly. Although Levenberg-Marquardt meth-
ods involve computationally time consuming calculations involving both Jacobian and
approximate Hessian matrices, the assembly and storage of the Jacobian and approximate
Hessian matrix may be bypassed alongside the need to implicitly invert the approximate
Hessian. This is achieved using preconditioned conjugate gradient (PCG) solvers to iter-
atively solve the associated least squares problem. We therefore utilise a variant of the
Levenberg-Marquardt optimisation technique, which contains additional regularisation

terms to solve the Boltzmann transport equation.
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1.1 Scopeand Objectivesof the Thesis

A main contribution of this thesis is the development of a differentiable discretisation of
the Boltzmann transport equation. The discretisation is designed specifically for inverse
problems and produces accurate solutions for both optically thick (diffusive) and trans-
parent media. Another contribution is the overall inversion method outlined above. An
inversion scheme has been developed for modelling both steady state and time dependent

radiation transport.

This thesis describes the reconstruction of the optical properties inside a host medium by
proffering investigative calculations. Chapter 2 describes the conventional medical imag-
ing tools used routinely in medical diagnostics and common numerical methods used to
describe radiation transport. Chapter 3 describes how the transport of neutral particles
may be described according to the one-speed, time-dependent Boltzmann transport equa-
tion. The Boltzmann transport equation is discretised in to a six dimensional phase space
comprising of spatial (r =X, y, z), angle (£2 =6, w) and time (t) components. A Streamline
Upwinded Petrov-Galerkin (SUPG) finite element method is used to spatially discretise
the Boltzmann transport equation, a Discontinuous Galerkin (DG) method is used to dis-
cretise the time domain, and spherical harmonic basis functions are used to represent the

angle of photon travel.

Chapter 4 describes the inverse problem [77, 78, 79] as the reversal of a cause effect
sequence, where material properties can be determined from the known dynamics of a
physical system. Both first and second order adjoint techniques are considered along
with a description of various gradient based optimisation schemes. Chapter 5 provides a
detailed investigation into optical imaging using the steady state form of the Boltzmann
transport equation, while Chapter 6 provides a series of applications that demonstrate the
enhanced imaging achievable using the time dependent form of the Boltzmann transport
equation. Chapter 7 is an applications section that models optical imaging through voids
using both steady state and time dependent information along with full radiation transport
theory and diffusion theory. Chapter 8 provides a summary of our findings and provides

recommendations for future work.
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2.1 Introduction 42

2.1 Introduction

The most reliable way of diagnosing disease is to look for changes in tissue samples that
have been taken from a patient during a biopsy [12]. There is an increasing need for
low cost diagnostic tools that are capable of probing tissue samples without the need of
invasive surgery. Medical imaging techniques provide such methods by reconstructing
the spatial distribution of a selected tissue region from measurements taken outside of
the body [80]. Apart from diagnosis, medical imaging also serves to assist with planning
and monitoring the treatment of disease [12, 80] and in recent years has advanced insofar
that both structural and functional imaging are now possible. Conventional imaging tools
used routinely in medical diagnostics include x-ray imaging [46, 80, 81] x-ray computed
tomography, (CT) [46, 80, 81, 82, 83] ultrasonic imaging [46, 80, 84, 85, 86], magnetic
resonance imaging,(MRI) [46, 80], and nuclear medicine [46, 80, 87, 88, 89].

2.2 X-ray Imaging and X-ray Computed Tomography

X-ray radiography [46, 80, 81] is a transmission based technique in which x-ray photons
pass from a source, through an opaque object and are detected, either on a photographic
film, or in an ionisation chamber. In biomedicine, contrasts in x-ray imaging occur be-
tween different tissue types because of the differential attenuation of x-rays in the body.
X-rays are strongly attenuated by bone but readily penetrate soft tissue. Useful informa-
tion is contained in the transmitted photons that pass straight through the body, before
being received by detection apparatus. Scattered photons are also received by the de-
tectors but cause detrimental effects to image quality such as loss of contrast and image
artefacts. Radio-opaque contrasting agents -such as iodine or barium based compounds-
are frequently administered in soft tissue imaging to enhance image contrast and anti-

scatter grids are often used to reduce the amount of unwanted scatter [80].

The x-ray image that is produced is a two dimensional projection (a flat image) of tissue
lying between the x-ray source and the detector. Although x-ray imaging can detect and

image an abnormality it cannot perceive depth and is therefore limited by its two dimen-
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sional projection capabilities. It is also difficult to distinguish different tissue types as
often their linear attenuation coefficients are similar. Clinical methods and applications

of x-ray radiographic imaging include:

1. The Skeletal System [80] - Since x-rays are strongly attenuated by bone but pass
fairly readily through soft tissue, x-ray radiography is particularly useful for imag-
ing the human skeleton. Skeletal imaging is often necessary for analysing the sever-

ity of fractures and re-setting broken bones.

2. Vascular Imaging [80] - X-ray imaging is used to study compromised blood flow in
the brain and heart as well as the peripheral venous and arterial systems. An iodine

based visual contrasting agent is usually used in vascular imaging.

3. Mammography [27, 80] - An x-ray is taken under compression to detect small le-

sions in breast tissue.

4. The Abdominal System [80] - X-ray scans are used to image the liver, bladder,
abdomen and pelvis and to detect disease in the genitourinary tract. Kidney, ure-
thra and bladder (KUB) scans detect the abnormal distribution of gas within the
intestines, which is indicative of certain gastro-intestinal conditions and kidney
stones. A functional imaging application is Intravenous Pyelography (IVP). IVP
uses an iodinated contrasting agent to visualise the filling and emptying of the uri-
nary system. A series of images are acquired at different times after the contrasting

agent is administered.

X-ray computed tomography, (CT), [46, 80, 81, 82, 83] is used to image overlapping
layers of soft tissue and complex bone structures which are not easily imaged using x-ray
radiography. CT images have high spatial resolution and provide better contrast between

soft tissue compared to conventional x-ray imaging methods.

During x-ray computed tomography [46, 80] a planar (one dimensional) slice of the body
is defined and examined from multiple angles using a pencil or cone like x-ray beam. The
x-ray sources and detectors are synchronously rotated, around the patient, encompassing a

wide range of viewing angles. The data acquired by the detectors is then passed through a
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reconstruction algorithm to produce a two dimensional image. To provide more accurate
imaging, a window control is often used to amplify contrast between soft tissue with
differing attenuation coefficients. Clinical methods and applications of x-ray computed

tomographic imaging include:

1. Cerebral Scans [80, 81, 82] - CT methods have been used to analyse skull fracture,
brain damage, stroke, and haemorrhage. Haemorrhage appears on CT scans as an
area or increased signal intensity whereas stroke is perceived as an area of reduced
signal intensity. CT can also image calcifications, which can be indicative of brain
tumours. lodinated compounds are often used to increase signal intensity during

tumour imaging.

2. Pulmonary Disease [80, 82] - CT is used to diagnose both malignancies and diffuse

diseases of the lung such as silicosis, fibrosis, cystic fibrosis and emphysema.

3. Abdominal Imaging [80, 81] - CT is used to diagnose abdominal tumours and ul-
cerations of the liver. Compound fractures in organs such as the pelvis have also

been visualised in three dimensions using CT techniques.

4. Angiographic Imaging [80, 82] - High resolution images of blood flow have been

accomplished using CT methods.

Both x-ray imaging and x-ray computed tomography use ionising x-radiation. Ionising
radiation can cause tissue damage; therefore exposure to such radiation should be kept to

a minimum. Radiation dose is of particular concern in paediatric and obstetric radiology.

2.3 Ultrasonic Imaging

Ultrasonic imaging [46, 80, 84, 85, 86] is a non-invasive, portable, and relatively inex-
pensive diagnostic modality that is capable of real-time functional imaging. Images are
constructed from ultrasonic radiation that is backscattered at tissue boundaries and from

small structures within tissue. During ultrasonic imaging [46, 80] a short, narrow pulse
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(1-5 ps long) of ultrasound is emitted by a transducer, which is placed in close contact
with the skin. The ultrasonic pulse propagates as a pressure wave, through tissue at a
speed of approximately 1540m/s (the speed of sound). Tissue interfaces, boundaries be-
tween tissue and structures within organs often have differing acoustic refractive indices,
which causes ultrasound to scatter. The fraction of ultrasound that is backscattered along
its original path is received by the original transducer as an echo. The transducer con-
verts the backscattered pulse in to a series of voltages, which are amplified, filtered and

digitised instantaneously to produce a moving image.

The depth and location of tissue interfaces are deduced from the time elapsed between
the emitted pulse and the received echo, and the propagation velocity of sound in the
transmitting medium. Low frequency (1-3MHz) ultrasound penetrates deep into the hu-
man body and is therefore used to image deep lying structures such as internal organs.
High frequency (5-10MHz) ultrasound has high intrinsic spatial resolution but low pene-
tration depth and is therefore used to image tissue near the surface of the body. Ultrasonic
imaging uses non-ionising radiation and is therefore utilised in sensitive regions such as
to visualise the eye and the pregnant abdomen. There are some concerns regarding the
radiation effect of ultrasound on developing tissue so acoustic energy and exposure time
are always kept to a minimum. Clinical applications using ultrasonic radiation are lim-
ited because of poor tissue contrast and the ability of gas and bone to impede ultrasound.

Clinical applications include:

1. Obstetrics and Gynaecology [80, 85] - Ultrasound is used to monitor foetal health.
Parameters such as head size, the condition of the brain ventricles, blood velocity,
and spinal condition are commonly measured to check whether a foetus is healthy.
Needle guided ultrasonic methods have been used to detect hereditary disease such

as Downs Syndrome.

2. Breast Imaging [27, 80, 85] - Ultrasound is commonly used in conjunction with
x-ray mammography to diagnose breast cancer. Mammography is used to image
tumours and lumps while ultrasound analyses the tissues acoustic properties to de-
termine whether the lump is solid or a fluid filled cyst. Ultrasound is especially

useful for younger women whose breast tissue can be relatively opaque to x-rays.
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If a needle biopsy is required to test for malignancy ultrasonic imaging can be used

to guide a needle into a tumour.

3. Cardiac Illness [80, 85] - Ultrasonic techniques are used to diagnose diseases such
as regurgitation, congenital heart disease and cardiac tumours. Doppler ultrasound
techniques have been used to measure blood velocity in the arteries and veins in the
heart and to detect compromised blood flow. Using contrasting agents in conjunc-

tion with ultrasound has allowed the construction of blood perfusion maps.

4. Further applications include intra-abdominal imaging of the liver , kidneys, gall-
bladder and spleen [80].

2.4 Nuclear Medicine

Most pathological conditions are caused by a change in the biochemistry of tissue. Chem-
ical changes can cause deficiencies in organ function and changes to the physical structure
of tissue. Nuclear medicine can detect abnormalities very early in the progression of dis-

ease, providing valuable structural and functional imaging capabilities.

Rather than providing an anatomical map, nuclear medicine relies on the ingestion of a
radioactive compound (radiopharmaceutical) [87] -via inhalation, direct injection, sub-
cutaneous administration or oral administration- to provide a spatial visualisation of the
human body [87]. The radiopharmaceutical turns the system or organ being studied into
a (gamma emitting) radioactive source. As the radioactive compound decays the gamma

radiation is detected externally using gamma camera equipment.

To deduce the position of the source, a collimator is placed between the patient and the
detector so that only gamma radiation with angles close to 90 degrees to the detector
plane are recorded. A scintillation crystal then converts the gamma-ray energy that passes
through the collimator into light, which, in turn, is converted into an electrical impulse
using photomultiplier tubes. The electrical impulse, together with the spatial distribution
or the radiopharmaceutical, is analysed by computational apparatus to form an image.

Abnormal tissue distribution or an increase or decrease in the rate at which the radiophar-
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maceuticals accumulate in particular tissues, organs, or systems are indicative of disease.

The health effects associated with ingesting radiation emitters is a major concern.

There are two conventional nuclear imaging methods, both of which depend on the type
of radioactive isotope used. Single photon emission computed tomography (SPECT)
[80, 88] uses single photon emitters as radioactive sources while positron emission to-

mography (PET) [80, 89] uses positron emitting radiopharmaceuticals.

241 SPECT

SPECT [80, 88] scans are performed from various angles using one or more gamma cam-
eras mounted on a computer controlled rotating gantry. The gantry circles the patient
at predetermined increments to form a two dimensional image of the tracer distribution.

Clinical applications that use SPECT include:

1. Brain Imaging [80] - Regions that show higher uptake in radiopharmaceuticals
compared to surrounding tissue often represent tumours. Conversely stroke pa-
tients show a lack of blood flow in the effected area of the brain. Blood perfusion
in the brain has also been studied. Diseases that cause altered perfusion patterns

include epilepsy, cerebral infarction, schizophrenia and dementia.

2. Bone Scanning and Tumour Detection [80, 87] - Whole body scanning has been
used to detect bone tumours and soft tissue tumours that cause the deformation and
remodelling of bone structure. Soft tissue tumours are characterised by a local up-
take of a radiopharmaceutical. Various forms of cancer can also be diagnosed using
SPECT, including Hodgkin’s disease, lung cancer, non-Hodgkin’s lymphoma, ma-
lignant melanoma, thyroid cancer, leukaemia, pancreatic tumours and breast and

ovarian cancer.

3. Cardiac Imaging [80, 87] - Functional SPECT imaging has been used to measure
blood flow in the heart and to detect coronary artery disease. Blockages are visu-

alised as areas of low signal intensity.
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4. The Respiratory System [80] - Respiratory diseases can cause disruptions to blood
flow, air flow or both. If the pulmonary artery or one of its branches is blocked
then radioactivity is absent from that region. Obstructions such as a pulmonary
embolism result from abnormal blood flow while abnormal ventilation is indicative
of an obstructed airway. Diseases such as bronchitis, asthma and pulmonary edema

are characterised by both abnormal blood flow and abnormal ventilation.

5. Liver and the Reticuloendothelial System [80] - Diseases such as cirrhosis of the
liver have increased radioactivity in the spleen and bone marrow. Metastatic tu-

mours, cysts, abscesses and haematomas have reduced signal intensity.

6. Renal Imaging [80] - Abnormal functional kinetics are used to detect renal artery

stenosis and renal infarction.

242 PET

The gamma radiation produced during PET imaging [80, 89] is a result of electron-
positron annihilation. An annihilation event is only accepted if both photons are detected
in coincidence by an array of detectors that surround a patient. Absorbing collimators
are therefore not needed. The detection of coincident photons is used to identify the line,
along which the original decay occurred, which is subsequently mapped as a two dimen-

sional image. Clinical applications of PET include:

1. Brain Imaging [80] - PET can be used to measure regional cerebral flow and tissue
metabolism. High glucose metabolic rates are indicative of malignant gliomas and
astrocytomas while low glucose metabolic rates are used in epilepsy diagnosis. A
reduction in dopamine synthesis can be indicative of Alzheimer’s and Parkinson’s

disease. Neuroscience uses PET imaging methods to research neural activity.

2. Cardiac Studies [80]- PET imaging can be used to decide whether a heart bypass
or heart transplant should be carried out on a patient. Reduced blood flow and

metabolism imaging is used to decide whether the heart tissue has died.
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3. Tumour Imaging [80] - Malignant cells have higher aerobic glucose metabolism
than healthy cells. Metabolic PET imaging is used to diagnose breast, lung, head,

and neck cancers.

The absence of absorbing collimators increases the sensitivity of PET imaging by ap-
proximately two orders of magnitude compared to SPECT imaging. Compton scattering
[90] is particularly problematic during SPECT imaging as it occurs at similar energies
to the ingested radiopharmaceuticals and can therefore cause image artefacts or loss of
contrast. PET imaging is also advantageous as it has the ability to measure both blood
flow and metabolism, using radiopharmaceuticals that generally have shorter lifetimes
than SPECT radiopharmaceuticals. However, PET requires a large, expensive cyclotron

to produce positron emitting elements.

2.5 Magnetic Resonance Imaging (MRI)

Magnetic resonance imaging [46, 80] produces images of the human body using the mag-
netic resonance signals produced by protons present in water and lipid. In the absence of
a magnetic field, protons are randomly orientated. The application of a strong, external
magnetic field causes the protons to align in to parallel or anti-parallel configurations. In
the lower energy state nuclei align parallel to the direction of the static magnetic field,
while in the higher energy state nuclei align antiparallel to the field. The angular momen-
tum of the configured protons causes them to precess around the static magnetic field with
a frequency that depends on magnetic field strength. To ensure that precession is coherent
a weak radiofrequency field is often applied. The precessing protons are subsequently de-
tected as an induced voltage in a tuned detector coil. The analogue signal is digitised and
an inverse two-dimensional Fourier transform [91, 92] is performed to convert the signal
into a spatial image. Spatial information is encoded in the magnetic field gradients, the
precessional frequencies and the phase of the protons. MRI can be used to detect changes
in relaxation times, and water and mineral concentrations, all of which can be indicators

of disease. Clinical applications include:
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1. Brain Imaging [80] - Changes in iron concentration are indicative of Parkinson’s
disease, Alzheimer’s disease, haemorrhage, and haematomas. Large changes in

relaxation times are observed in hydrocephalus and multiple sclerosis.

2. Liver and the Reticuloendothelial System [80] - Hemosiderosis, hemochromatosis
and cirrhosis are often diagnosed using MRI. Contrasting agents are used to aid the

diagnosis of liver tumours.

3. Musculoskeletal System [80] - Degenerative diseases in the spinal cord and trau-
matic injury such as disk herniation, disk compression, or epidural haematoma have
all been imaged using MRI. Spinal cord tumours and multiple sclerosis can be de-

tected using high resolution MRI imaging.

4. Cardiac System [80] - MRI has been used to detect cardiovascular disease, heart

disease, tumours, congenital heart disease and for signs of heart transplant rejection.

The three dimensional capabilities, excellent spatial contrast, high resolution and non-
ionising properties make MRI a favourable imaging technique. However MRI has limited
application as many molecules can not be imaged with sufficient image resolution or
contrast. Contrasting agents are frequently used to increase the contrast between healthy
and pathological tissue. The large and expensive equipment used, and the need to keep
a patient motionless due to the slow temporal resolution of MRI acquisition also limit its

suitability.

2.6 Medical Optical Tomography

The differences in optical properties between healthy and pathological tissue provide con-
trast when imaging disease [14]. Optical tomography (OT) [2, 3, 4, 6, 12, 46,93, 94] is a
functional imaging tool that uses near infrared radiation, of wavelength 650nm-900nm, to
probe biological media. The optical properties of tissue are contained in absorption and

scattering coefficients and are exploited to provide qualitative and quantitative images.



2.6 Medical Optical Tomography 51

/ Pul=ed laser

Refarence

12 deector
fibre bndles

Segu atialc Simultaneous
Hitrminaton: Coflection

Figure 2.1: A Schematic of an Optical Imaging System [1]

During optical tomographic imaging [2, 6, 7] (figure 2.1), near infrared radiation is guided
by fibre optics, which are placed in close contact with the skin. Tissue heterogeneities,
boundaries between tissue, and structures within organs often have differing optical re-
fractive indicies which can cause near infrared radiation to scatter. The fraction of scat-
tered photons that emerge from the medium are received by a series of detecting fibres,
which are also placed in close contact with the skin. The backscattered pulse is converted
into a series of voltages, which are amplified, filtered and digitised instantaneously to
produce an image. The data is acquired either as time-varying intensities or as a steady
state complex intensity that has measurable amplitude and phase. Clinical applications

that use optical radiation include:

1. Brain Imaging [7, 18, 21, 95] - To prevent either brain damage or death by as-
phyxiation [96, 97, 98], OT can be used to monitor the cerebral blood and tissue
oxygenation of new born and preterm infants [19, 20, 22, 99]. OT is also used to
detect cerebral haemorrhaging and in the diagnosis of Alzheimer’s disease. In Neu-
roscience OT can be employed to monitor the brain’s neural activity during physical

or mental exercise [12, 17].
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2. Tumour Imaging [12, 46] - Optical imaging could be used to diagnose and monitor
skin [100] and breast cancers [28], breast, prostate and brain tumours [28, 29, 30,

31] and brain haematomas.

3. Osteoarthritis, rheumatoid arthritis [23, 24, 101], and diabetes treatments could also

benefit from optical monitoring.

Optical tomography is a low cost, non-invasive, functional imaging technique that can
be tolerated in large doses without causing tissue damage by ionising or magnetic affects.
Near infrared radiation has a low absorption coefficient and can therefore penetrate deeply
into tissue [102], providing deep tomographic imaging capabilities. However, scatter
dominant light transport [63, 64, 65] is a limiting factor in the development of optical
tomography. Each photon undergoes multiple scattering events (deviating considerably
from the direct line of sight between the sources and detectors), which causes degradation
in image resolution and contrast. The heterogeneous properties of biological tissue [86,

103] also causes difficulties by increasing the dominance of scatter.

A lack of appropriate instrumentation and the absence of sophisticated scattering mod-
els, has limited the development of optical tomography as a widely accepted, conven-
tional imaging tool [4]. Predominant scatter makes reconstruction a non-linear problem,
prohibiting the use of direct reconstruction methods such as back projection. Instead
non-linear, iterative inversion reconstruction schemes are frequently employed [3, 4, 26,
35, 40, 41, 68, 69, 70, 104, 105]. The computational cost of running three dimensional
inversion calculations can take hours, limiting the technique to simplistic models and
conditions that generalise a more complicated medical system. It is therefore currently
desirable to use optical tomography in conjunction with a second imaging modality, like
MRI or CT, to monitor changes in critical parameters or to facilitate ongoing diagnosis
and research. A method like MRI could provide an initial high resolution map of tissue
distribution, which could then be used to guide the computational reconstruction of the

low cost, non-invasive optical image.
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2.7 Numerical MethodsUsed to Model Photon Transport

The propagation of light through tissue is governed primarily by absorption and scatter-
ing interactions [63, 65]. Biological tissue constitutes a highly scattering medium [106],
in which a short pulse of near infrared radiation becomes diffuse over a range of a few
millimetres [107, 108]. The propagation of light through biological tissue is fundamen-
tally described according to electromagnetic theory but can be simplified to (radiation)
transport theory [32, 109, 110] by ignoring wave phenomena such as polarisation and
interference, and particle effects such as inelastic collisions. Two numerical techniques

exist that model light propagation in highly scattering media:

1. Stochastic Methods - Stochastic methods, such as Monte Carlo [39, 111, 112, 113,
114], are statistical models that consider the average behaviour of a number of in-
dividual particle paths inside a host medium. The path a photon takes is determined

by the probability of either a scattering or an absorption event occurring.

2. Deterministic Methods - Deterministic methods rely on solving the Boltzmann
transport equation [32, 109, 112] using direct numerical discretisation techniques.
Numerical discretisation is performed by dividing the solution domain in to a finite
number of regions (elements). In a seven-dimensional phase-space comprising of
position (r = z, y, z), angle (2 =0, w), energy (£ and time (¢) components a num-
ber of discretisation techniques exist. Finite difference (FDM) methods [32, 112,
115] result in an orthogonal spatial mesh while control volume (CV) [59, 60, 116]
and finite element (FEM) [117, 118, 119, 120] methods are approximated more ac-
curately using unstructured meshes. Angular discretisation [121, 122] is usually
achieved using either spherical harmonic (Py) or discrete ordinate (Sy) approxi-
mations [32, 34, 112, 121, 122], while time differencing schemes and multigroup
energy schemes are commonly used to discretise the time and energy variables

[112].

Deterministic models provide faster solution methods compared to stochastic techniques.
However, stochastic techniques provide more accurate results because of the errors asso-

ciated with numerical discretising a system of deterministic equations.
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2.7.1 The Monte Carlo Method

The Monte Carlo method [39, 111, 112, 113, 114, 123] is a stochastic technique in which
the life histories of a number of photons are individually tracked from the time of their
birth, throughout their various interactions with the host medium, until they are either
absorbed into the media or leak out of the medium. Photons that are transmitted into
the detector constitute the signal that would be measured during experimental investiga-
tions. Since Monte Carlo is a statistical technique, the recorded scattering, transmission
and absorption profiles approach true (experimental) values as the number of photons

propagated approaches infinity.

During Monte Carlo simulations a model of particular measurement geometry and optical
property distribution is sought. Photons are generated at a pre-defined source point and
are introduced into the medium one-by-one. To analyse whether a photon is scattered or
absorbed, a probability distribution is sought [112]. A random number generator is used
to generate both the probability distribution and the direction of photon travel, should a
scattering event occur. Once a photon is lost a new photon with a new random number is

traced from the initial source point.

Absorption is modelled either by terminating the absorbed photon’s path or by introducing
a weighting scheme [112, 124]. For models that utilise weighting schemes, the photon
packet is split into two parts; a fraction of the photon energy is absorbed, while the rest is
scattered with a newly assigned photon weight. Photon life histories are terminated either
when the photon path becomes negligible, the photon leaves the domain of interest, or the
photon hits the detector. A technique called roulette [112, 124] is often used to terminate
the photon’s path if the photon weight drops below a specified minimum. Roulette allows
a photon one chance in m of surviving with a weight mw otherwise the weight is reduced
to zero. The photon is therefore killed in an unbiased fashion without sacrificing energy
conservation. If the photon exits the medium, and is measured by a detector, the count rate
is increased by the remaining photon weight. If the photon is absorbed into the medium,
the position of the absorption is recorded. After sampling many life histories, the average

statistical behaviour of the photon particles is found.
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The Monte Carlo method is conceptually simple and is particularly useful for modelling
complex surfaces (that are not naturally represented by cartesian, cylindrical, or spherical
coordinates) and configurations that have little or no symmetry. In principle, Monte Carlo
can model the geometry of a problem domain without discretisation error and can in-
corporate both time dependency and the continuous or discretised treatment of the energy
variable. Wave phenomena, such as polarisation and interference, and optical inhomogen-
ities may also be easily incorporated into the Monte Carlo model. However, to obtain
adequate statistics, a large number of photon life histories must be tracked, making cal-
culations slow and computationally expensive. Variance reduction techniques [112, 124]
can be used to reduce statistical error and therefore increase computation speeds. How-
ever, the increased computational speed associated with using variance reduction is still
inadequate for many model applications. Despite, computational inefficiencies, Monte
Carlo is still the most accurate method for modelling photon transport and is therefore the

standard model against which all other numerical methods are benchmarked.

2.7.2 Deterministic Methods

Deterministic methods are principally described according to transport theory [32, 109,
110, 112]. The Boltzmann transport equation can be expressed either in its first order

[59, 112] form, its second order [46, 112, 125] form or in its integral [112] form:

1. The first order form of the Boltzmann transport equation [59, 112] is found using
deterministic discretisations. The angular variable is usually discretised using dis-
crete ordinates or spherical harmonic discretisation methods [32, 34, 112, 121, 122],
while spatial discretisation is achieved using finite differences [32, 112, 115] (e.g.
weighted diamond differencing or linear discontinuous methods), finite elements
[117, 118, 119, 120] (e.g. Galerkin and characteristic methods) or control volume
[59, 60, 116] (e.g. nodal and corner balance methods) based techniques.

2. The most popular second order form of the Boltzmann transport equation is the
even parity form [46, 112, 125]. The even parity form is generated by separating

the angular flux into its even and odd parity components, thus yielding two coupled
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first order differential equations. By discarding all odd parity components, the sec-
ond order, even parity form of the transport equation is derived. The even parity
equation has a variational finite element formulation [118, 126]. Another second
order form of the Boltzmann transport equation is the Self-Adjoint Angular Flux

(SAAF) equation [127] and is derived using a generalised least squares approach.

3. The integral form of the Boltzmann transport equation [112] involves integrating
out any angular dependence. Integral techniques include the collision probability
method and the point kernel method. Both methods have limited applicability and
are restricted to specific areas or research such as lattice cell calculations and (nu-

clear) reactor shielding analysis.

This thesis focuses solely on the first order form of the Boltzmann transport equation.
Although the second order, even parity, transport equation halves the number of angular
unknowns and results in symmetric, positive definite, linear equations [125], it is unable to
adequately describe streaming phenomena or materials with large differences in material
cross sections [59]. The first order form is therefore a more accurate method for modelling

photon transport at tissue interfaces where material properties may vary substantially.

2.8 Deterministic Spatial Discretisation Techniques

Deterministic methods rely on solving the Boltzmann transport equation [32, 109, 112]
using direct numerical discretisation techniques. Numerical discretisation is performed
by dividing the solution domain in to a finite number of regions (elements). Popular
spatial discretisation schemes include, the finite element method [117, 118, 119, 120], the
finite difference method [32, 112, 115], and control volume [59, 60, 116] based methods.

2.8.1 The Finite Element Method (FEM)

The finite element method (FEM) [117, 118, 119, 120, 128] is a deterministic technique

used to solve partial differential equations posed in complex, and irregular geometries.
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The finite element method subdivides a problem domain into a finite number of sub re-
gions called elements, inside which, the solution is approximated using a local, piece-
wise polynomial basis function. Nodes are typically placed at the corner of each el-
ement and the element discretised equations are assembled together to form a global
set of linear equations. Provided a set of pre-defined boundary conditions are satisfied
[32, 46, 59, 112, 125], a unique trial solution may be found to the system of algebraic
equations. The trial solution may then be placed into the original set of differential
equations and solved using either weighted residual [117, 118] or variational techniques
[117, 118, 126].

The Weighted Residual Method

The weighted residual method [117, 118] utilises the weak (integral) form of the Boltz-
mann transport equation. An error (defined as the residual) exists between the trial solu-
tion and the true solution once the trial solution is replaced into the original Boltzmann
transport equation. The weak form is obtained by multiplying the Boltzmann transport
equation by an arbitrary weight function and integrating the entire expression over the
solution domain. An exact solution is found when the residual is zero at all points along
the domain. The most popular weighted residual methods are Point Collocation, Sub
Domain Collocation, Least Squares and Galerkin methods [58, 59, 117, 118, 129]. The
only difference between each of these weighted residual methods is the value that is cho-
sen to represent the weight. If the weight function is chosen to be the same value as

the basis functions, then the weighted residual approach is a Petrov-Galerkin formulation

[58, 59, 118, 129].

The Variational M ethod

The variational principle [46, 117, 118, 125, 126] is a means to find a function with
specified values at end points such that the integral between the end points is stationary.
A trial function is approximated and is varied until a minimum potential energy is found.

The trial functional should satisfy any specified continuity or boundary condition. Once
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a minimum is found, the solution is approximated along each element and summed along
all elements to give an approximate solution across the domain. Variational methods
yield a functional with lower order derivatives than differential methods and can be used
to prove the existence of a solution. A variational form can be derived from a differential
equation using an Euler-Lagrange formulation, bi-linear functional techniques or least-
squares methods [46, 117, 118, 125, 126].

2.8.2 The Finite Difference Method (FDM)

The finite difference method [32, 112, 115, 130] utilises a uniformly spaced, orthogonal
(Cartesian) grid to solve a partial differential equation. At each node the partial differ-
ential equation is approximated using an algebraic expression, which references adjacent

nodes. The system is then solved to find a unique solution.

Models that utilise finite element techniques are considerably more complex than finite
difference methods. The use of structured, orthogonal grids mean that the range of prob-
lems that can be solved accurately using finite difference methods is limited. For complex
or irregular geometry, finite element methods model the problem domain more accurately

than finite difference methods and therefore yield more accurate solutions.

2.8.3 The Control Volume Method (CV)

The control volume method [59, 60, 116] involves control volume integration over a fi-
nite volume mesh. Control volume techniques are similar to finite element methods in
that unstructured meshes are used to discretise the spatial domain. While finite differ-
ence and finite element methods represent particle flow at a series of nodal points, the
finite (control) volume method defines the boundaries (or faces) of each control volume,
midway between adjacent nodes. Each node is therefore surrounded by a control volume
cell. To calculate the flux at a given control volume an approximate distribution of prop-
erties between nodal points is used. Approximations are made by utilising either local

piecewise polynomial (basis) functions [118] or algebraic expressions. The total flux is
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then approximated by calculating the convective fluxes through the faces of the control

volume. In other words a balance equation is solved across each control volume element.
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3.1 Introduction

To investigate photon migration time and perform inverse scattering calculations that
compensate for the degradation in image resolution caused by scatter, it is necessary
to study the propagation of light in biological tissue as a function of different optical
properties [63, 64]. Interaction between light and tissue is fundamentally described using
analytic theory [65, 109, 110, 131]. Analytic theory describes the propagation of photons
according to the wave equation of classical electrodynamics (i.e. according to Maxwell’s
equations), thereby taking into account all coherent optical effects such as interference,
diffraction and polarisation [90]. However, due to the mathematical complexity of the
analytic model, the inhomogeneity of tissue and the lack of detailed information on the
dielectric properties of biological tissue, the analytic model is rarely used to model photon
migration in biological media. Instead, transport theory [32, 131] is used as an approx-
imation to analytic theory. Transport theory describes the migration of neutral particles
according to the Boltzmann transport equation [32, 112]. Transport theory lacks the rigour
of analytic theory by ignoring the wave properties of light. As such, the flow of neutral

particles through a medium of randomly scattering and absorbing particles is considered.

3.2 TheOptical Parametersof Tissue

The propagation of light in tissue is governed by the transport of individual photons,
which are affected by the material properties - namely the absorption and scattering char-
acteristics - of that tissue [64] . Tissue properties are typically characterised by an absorp-
tion coefficient, a scattering coefficient, a reduced scattering coefficient and a scattering

phase function that represents angular distribution [32, 65, 109, 112, 131].

3.2.1 The Absorption Coefficient

During absorption a photon is removed from the incident beam and is absorbed by a par-

ticle in the medium. The removal of a photon reduces the intensity of the incident beam.
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The frequency of absorption events is described by the absorption coefficient, y,(r, E),
and is expressed as the product of the atomic number or particle density contained in the

material, A(r), and the microscopic absorption cross-section, o, (F) :

pa(r, E) = A(r)o,(E), (3.1)

where r represents a position variable and £ represents the energy variable. The recipro-
cal, 1/u,(r, E) is called the absorption path length and represents the mean free path a

photon travels between successive absorption events.

3.2.2 The Scattering Coefficient

During scattering a photon collides with a particle in the medium and scatters into a
different direction, resulting in a decrease in the initial beam intensity. The frequency
of scattering events is described by a scattering coefficient, us(r, F) and is expressed
in terms of atomic number or particle density, .A(r), and microscopic scattering cross

section, o4(F) :

Ms(rv E) = A(I‘)US(E>. (3.2)

The reciprocal, 1/u(r, E), is called the scattering path length and equals the average

distance a photon travels between consecutive scattering events.

3.2.3 The Total Attenuation Coefficient

The total attenuation, y,(r, E), of an incident photon beam is expressed in terms of the

total absorption and scattering contributions.

/’Lt(r7E> - :ua(r7 E) +MS(T,E>. (33)
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3.2.4 The Differential Scattering Coefficient

The differential scattering cross-section accounts for the angular dependence of the pho-
tons emerging from a collision. The differential scattering cross section, p(r, E —
E, Q — Q), is best described as the probability that a photon moving initially in a

direction €2 is scattered into a new direction 2 [64].

f1s(1) :/ dE/,us(r, E — E.Q — Q)dQ. (3.4)
0 Q

The normalised form of the differential scattering cross-section is called the differential

phase function, which describes the angular distribution of a single scattering event.

ps(E — E,Q — Q)

f(E' - EQ —Q)= (3.5)
( ) ps(E)
The differential phase function has the normalisation condition.
/ dE/ f(E' - E,.Q —Q)dQ=1. (3.6)
0 Q

For situations in which the scattering phase function is not applicable or not known, the
anisotropy factor, g, is instead used to describe the average cosine of the scattering angle,
6. Assuming scattering is independent of the incident direction of travel, Q', and the
scattered photon direction, €2, and g depends on the absolute value of the angle, 6, spanned

over the incident and scattered particle directions, the scattering phase function becomes:

f(EE -EQ -Q)=f(F - EQ - -Q)=f(E — E,cos0) = f(E' — E, o).
(3.7)

Furthermore, the mean cosine of the scattering angle is subsequently described according

to the anisotropy factor, g.
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S AE [((Q - Q) f(E — E,Q - Q)dQ
T CdE[,f(F - E.Q -Que

(3.8)

The anisotropy factor can be assigned numbers between -1 and 1 to describe highly back-
ward (g ~ —1), isotropic (¢ = 0) and forward scattering (g ~ 1) [64]. In biological
media scattering is typically highly anisotropic and forward directed [64].

3.2.5 The Reduced Scattering Coefficient

The reduced scattering coefficient is equivalent to an isotropic scattering coefficient. The
reduced scattering coefficient describes light propagation in diffusely scattering media
(such as biological tissue) as a cumulative effect of a number of forward scattering events.
Combining scattering anisotropy, g with the scattering coefficient, ps(r, E), yields the

reduced scattering coefficient, /. (r, E):

i

po(r, E) = A(r)o(E) = py(r, E) (1 - g). (3.9)

The mean path length travelled by a collimated beam of light before it becomes diffuse is

equal to, 1/, (r, E).

3.2.6 Optical Transmission Characteristics of Biological Media

The absorption characteristics of biological tissue [137] are mainly influenced by the
contents of protein, haemoglobin and water [7, 63, 64, 102, 138]. Blood absorption
is strong for visible light until wavelengths reach 600nm at which point absorption de-
creases dramatically. Protein absorption decreases as wavelength increases and water is
found to be a high absorber for deep ultraviolet wavelengths (150-400nm) and again for
wavelengths greater than 1500nm. The wavelengths that best describe optical transmis-
sion through tissue are therefore contained in the infrared and near infrared range (600-
1500nm) [4, 38, 64, 100, 139, 140, 141, 142, 143, 144, 145, 132, 133, 134, 135, 136, 146].
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Tissue Type | Sample | A[nm] | pa[mm='] | p,[mm~"] | Reference

Adult brain | in vitro | 700-900 0.1-0.2 2-5 [132]

Adult grey matter | in vitro 633 0.263 0.722 [64]

Adult white matter | in vitro 800 0.006 8.50 [133]

Adult white matter | in vivo 849 0.013 0.98 [134]

Adult white matter | in vitro | 650-900 | 0.02-0.03 8-10 [133]
Adult white matter | in vitro 633 0.158 0.204 [64]

Adult grey matter | in vitro 800 0.035 2.20 [133]

Adult grey matter | in vivo 811 0.018-0.019 | 0.48-0.74 [134]

Adult grey matter | in vivo 849 0.018-0.019 | 0.45-0.74 [134]

Adult grey matter | in vitro | 650-900 | 0.04-0.06 1.9-2.2 [133]

Neonatal Brain | in vitro 800 0.0215 0.748 [133]

Neonatal Brain | in vitro 800 0.0373 0.673 [133]

Neonatal white matter | in vitro 800 0.0373 0.659 [133]

Neonatal white matter | in vitro | 650-900 | 0.04-0.07 0.5-1.2 [133]

Neonatal Grey Matter | in vitro 800 0.0460 0.529 [133]

Neonatal grey matter | in vitro | 650-900 | 0.04-0.08 0.4-0.9 [133]

Cerebrospinal Fluid 800 0.0022 ~0 [135]
Cerebrospinal fluid 650-900 0.001 0.01 [4]

Adult skull | in vivo 849 0.022 0.91 [134]

Pig skull | in vitro 800 0.025 1.8 [136]

Pig skull | in vitro | 650-950 | 0.04-0.05 | 2.63-1.32 [136]

Skin: epidermis | in vitro | 400-800 2.4-0.02 3.2-2.1 [100]

Skin: dermis | in vitro 800 0.013 2 [38]

Skin: dermis | in vitro | 633-900 | 0.033-0.013 | 2.73-1.63 [38]

Skin: subdermis | in vitro 800 0.008 1.2 [38]

Skin: subdermis | in vitro | 633-900 | 0.013-0.009 | 1.26-1.08 [38]

Medulloblastoma (tumour) | in vivo 849 0.008 0.66 [134]

Astrocytoma (tumour) | in vivo 849 0.019 0.59 [134]

Table 3.1: Optical properties of various brain tissue types taken at NIR wavelengths
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Besides protein, haemoglobin and water, biological tissue is composed of a number of
chromophores including melanin, cytochrome C oxidase, and myglobin. These chro-
mophores contribute little attenuation at infrared and near infrared wavelengths and are

therefore largely ignored in cross-section calculations [7].

The wavelength range between 600-1500nm is often referred to as the optical window.
During experimental optical tomography [7] the useful range of the optical window is
typically 650-900nm. Wavelengths smaller than 650nm exhibit increased absorption,
which contributes to beam attenuation, while there is a rapid decrease in the quantum
efficiency of practical detectors at wavelengths greater than 900nm. The most significant
beam attenuation inside the optical window is caused by light scattering against cells and

organelles.

Table 3.1 summarises the absorption and scattering coefficients of human brain tissue
types together with the corresponding references. Note the lower scattering coefficients
associated with the neonatal human brain compared to the adult human brain. Smaller
brain tissue scattering coefficients together with a smaller head size, a thinner skull and
a thinner layer of CSF fluid -a thin layer of virtually transparent fluid that cushions the
human brain- suggests that light is far more likely to penetrate deeply into the brain of a
neonate as compared to an adult. As such, experimental optical tomography has focussed

primarily on neonatal brain imaging as a simplified model [7].

3.3 TheBoltzmann Transport Equation

The Boltzmann transport equation describes the transport of neutral particles (such as
photons and neutrons) using kinetic theory [32]. The transport of optical radiation is
therefore analysed in the same manner as neutron transport phenomena [112]. The Boltz-
mann transport equation models the distribution of particles inside a host medium while
taking into account the motion of these particles and their interaction with the host medium
[32, 34, 112]. For optical tomography applications the time dependent Boltzmann trans-

port equation is used to describe the angular flux, ¥ (r, 2, E, t), that results from an ex-



3.3 The Boltzmann Transport Equation 67

ternal source of photons, s(r, 2, F,t), incident on a host medium. The time dependent

Boltzmann transport equation is written:

10¢(r, Q,E, 1)

5 +Q-VY(r, QE )+ HY(r, QB t) = s(r,Q, E, 1), (3.10)
v

where r is the position vector (r = z,y, z) of a particle or photon moving along direction,
Q = (f,w), at time, t, and with energy E. The system has characteristic velocity, v.
(r,Q, E,t) represents the particle angular flux and s(r, €2, E, t) represents an external

source term. The scattering/removal operator, H is defined:

HQZJ(I‘,Q,E,t) = (/La(r7E)—l—qu,E)ﬁb(r,Q,E,t)
— /OodE’/us(r, Q - QFE - ErQ,E, t)dQ (3.11)
0 Q

where 1, (r, E') and 4(r, E') represent position dependent absorption and scattering coef-
ficients respectively, and p(r, Q - QF — E) represents the differential macroscopic
cross-section. The Boltzmann transport equation is a statement of particle conservation
[46, 125] . The time rate of change of the number of particles is a balance relation between
the various mechanisms through which particles can be gained or lost from the volume
element considered. The external source term on the right hand side of equation 3.10 and
the second scattering term on the right hand side of equation 3.11 both represent particles

gained by the volume element. Each of the other terms represent loss mechanisms.

The complexity of the Boltzmann transport equation as having seven independent vari-
ables of position (r = z,y, z), angle (2 = 0, w), energy, (E), and time, (¢), either limits
its utility to extremely simple situations (e.g. 1 dimensional problems) or requires the use
of numerical approximation methods [34, 46] to generate a solution. To simplify the anal-
ysis of the discretisation scheme the particle distribution is assumed to be independent of

energy. This reduces the distribution to a one-group, one-speed approximation.



3.4 Discretisation of the Boltzmann Transport Equation 68

” T + Q- Vi(r, Q,t) + Hi(r, Q,t) = s(r, Q, ). (3.12)

To complete the mathematical description of the Boltzmann transport equation, boundary
conditions must be defined for a particular problem [32, 34, 109, 112]. Since the Boltz-
mann transport equation is a first order differential equation in space and time, boundary
conditions are required in both space and time variables. There are a number of different
types of boundary conditions [32, 109, 112]. Each of the models presented in this thesis

have vacuum boundary conditions:

P(rs,Q2,t) =0, when n-Q <0, (3.13)

in which, n represents the normal to the boundary. In other words, any photon that escapes
through the bounding surface is not able to re-enter the medium through another part of

the surface.

3.4 Discretisation of the Boltzmann Transport Equation

A discretisation scheme is utilised to reduce the Boltzmann transport equation in to a cou-
pled system of multi-dimensional differential-difference equations. A Streamline Upwind
Petrov-Galerkin (SUPG) finite element method is used to spatially discretise the Boltz-
mann transport equation and spherical harmonic basis functions are used to represent the
angle of photon travel. The SUPG method utilises a weighted residual (Petrov Galerkin)
method in order to obtain the weak form of the systems equations. An additional contribu-
tion to the convection term is also added to the Petrov Galerkin weighting. The additional
term induces further diffusion in the streamline direction in order to suppress spurious
Gibbs oscillations. SUPG methods are accurate and robust across all radiation transport
regimes from optically thick to optically thin media and form a robust coupling between
time and space dimensions. The methods apply a finite element treatment for the inter-

nal domain and a Riemann approach on the boundary of the domain. This significantly
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simplifies the numerical application of the scheme by circumventing the evaluation of

complex half range angular integrals on the domain boundary.

3.4.1 The Angular Discretisation of the Angular Flux

Angular discretisation is achieved using a Petrov-Galerkin approach [58, 59, 119, 120].
The Petrov-Galerkin method is applied by multiplying equation 3.12 by a series of an-
gularly dependent finite element weight functions, A/,(£2), and integrating the subse-
quent expression over the solution domain. Additionally a finite element approximation
W (r,t), replaces the continuous angular flux, ¢)(r, €2, ¢) and a finite element approxima-

tion, S(r, t), approximates the source function, s(r, €2,t). The equations become:

/ M, {1 &p(raﬂ 1) + Q- Vi(r, Q,t) + Hi(r, Q,t) — s(r, Q,t)} dQ2 = 0.
(3.14)

The approximation W(r,¢) for the angular flux, ¢ (r, Q,t), is described using the finite

element basis function, M, (€2):

Y(r, Q1) &~ M, ()T, (r, 1), (3.15)

where W(r,t) = (Uy(r,t) Uo(r,t) ... Upq(r,t))7 represents a vector of M angular mo-
ments and M, (€2) represents M angular basis functions. The approximation, S(r, t), for

the source function s(r, 2, t), is also expanded using a discrete series of basis functions:

s(r, Q1) ~ > M, (Q)S,(r,1), (3.16)

where S(r,t) = (S;(r,t) So(r,t) ... Sp(r,t))T. The angular basis functions are usually
expanded using either discrete ordinate, (Sy), or spherical harmonic, (Py), approxima-
tion techniques [32, 34, 109, 112].
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The Expansion of the Angular Flux Using Discrete Ordinates

The discrete ordinates, (.5,,), method approximates the Boltzmann transport equation by
truncating the expression for the angular flux, ¢ (r, €2, ), so that particle travel only occurs
in a finite number of directions. The direction of particle travel is found by placing a unit
sphere over each spatial point and partitioning that sphere into a finite number, (M (M +
2)), of patches. The angular flux is then described according to a quadrature scheme,

which is used to estimate the integral over the angular flux variable.

M
/ Y(r,Q,0)d2 = w, (T, (r,1), (3.17)
Q v=1

in which, w, (£2) represents the quadrature weights associated with each moment, v. Since
the quadrature scheme is arbitrary, it can be chosen so that the expected angular flux
dependence may be integrated. For example if, the angular dependence is highly forward
peaked, the quadrature can be selected so that points are concentrated in the appropriate
range. If no prior knowledge of the angular distribution is known, a Gauss-Legendre
scheme is often used. For three dimensional problems the angular flux, ¥ (r, €2, ¢), must
be determined over all eight octants of the unit sphere swept out by 2. In two dimensional
geometries the mirror symmetry of ¢ (r, €2, ¢) about the plane formed by two orthogonal
co-ordinates reduces the number of octants over which the angular dependence must be
determined to four [32, 109, 112].

The Expansion of the Angular Flux Using Spherical Harmonics

The spherical harmonics (Py) method approximates the Boltzmann transport equation by
expanding the angular flux as an infinite set of spherical harmonics [32, 34, 109, 112]. For
an arbitrary M, angular flux may be approximated by truncating the expansion to retain
only the harmonic functions of order M and below. The spherical harmonic expansion
is unbounded and the asymptotic limit (as M — o0) converges to the exact solution
of the Boltzmann transport equation. For planar problems, the Py equations are of order

(M +1), while for multi-dimensional problems the Py equations grow to order (M +1)2.
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Multi Dimensional Spherical Harmonics

Expanding angular flux as an infinite set of spherical harmonics yields the series [59]:

UC(r /¢ r, Q,1)Y,%(Q)d. (3.18)
The superscript R is used to denote a real orthonormal series, while the superscript C is

used to define the series in complex terms. The spherical harmonic expansion results in a

sum of a cosine, Y5, (€2), and sine series, Y;5 (£2).

Y5 () = YS5,(Q) + Y5, (). (3.19)

Furthermore, the real, orthonormal Y5, (€2), and Y7’ (€2) functions are each defined as:

YR ()= J V(@)= CLL2 Pom() cos(mw), 0 <m <1
. Y, () = G2 Py(p) sin(mw), 0<m <1

(20 + 1) (I — m)!

where 1 is the cosine of the polar angle in spherical polar co-ordinates, C; ,,, = T+ m)
m).

and P, ,,,(u) are associated Legendre polynomials [112]. In complex terms, equation 3.19

1s defined:

YC.(Q) = CF Puuln) expimw), (3.20)

where —[ < m < [. The parity of the spherical harmonic basis functions is dictated by [:

YRE(—) = (1) (). (3.21)

Odd parity moments are associated with odd values of [, while even parity moments are
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associated with even values of /. Expanding equation 3.18 in terms odhtf real, orthonor-

mal sphereical harmonics yields an infinite Fourier-Laplace series:

l l
WL ()Y (Q) + )0 ()Y, ()] (3.22)
m=1

where the two expansion coefficients Wi (r,t) and W7 (r,t) each represent an angular

variation in the angular flux:

c
\Ijl7m

(1) = /wrmyc Q)dQ, 0<m <1

U (r,t) = /w r, Q)Y (2)d9Q, 0<m <l (3.23)

Spherical harmonics obey the following orthonormal conditions:

/}/}fm(ﬂ)y}/fm’(ﬂ)dﬂ = 5l,l’§m7m/a
Q
/Yfm(Q)Y}fm,(Q)dQ = 5l,l’§m7m/a
Q

/ Ve QY0 ()2 = 0. (3.24)
Q

The angular Jacobian matrices projected onto a set of spherical harmonic basis functions

are finally defined:

Avr mmry = / ViR () 4 Y (Q)d€, (3.25)
Q

where £k = x,y, and z components respectively. A is of size M x M, where | =
0,1,...,L,1 =0,1,...,L, m = —I,....1, and m" = —I,...,1. The analytic form of the
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angular Jacobian mass matrices, created using multi-dimensional spherical harmonics, is

described in [59].

3.4.2 The Expansion of the Scattering Contributions

For non-multiplying systems [112] there are two contributions to emission density that
represent particles gained by a given volume. These are contributions due to external
sources, s(r,€2,t), and contributions due to scattered particles, gs(r,€2,%). The latter,

scattering contributions can be defined according to:

gs(r, Q,t) = / fhs(r, Q- Q)ih(r, Q' 1)dY . (3.26)
Q

Scattering contributions are also contained in the total cross-section:

f1(r) = pa(r) + ps(r). (3.27)

For practical applications it is often assumed that scattering collisions have rotational
symmetry. Therefore, the differential scattering cross-section, p4(r, Q - Q), is not
dependent on the incident and scattered particle directions, but instead on the change in
particle direction (equation 3.7). Consequently, j4(r, 110), may be expanded as a series of

orthogonal Legendre polynomials [112]:

= (2041
petrpo) = 30 B )R, (3.28)
=0

where P)(11,) is a Legendre Polynomial of order [. The scattering moments, zi4(r), are

derived from the orthogonality of Legendre polynomials [91, 92, 112] according to:

1
ra(r) = 2 / 4a(x 10) Piljao)dp. (3.29)

1
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The scattering coefficient, 1i4/(r), has the normalisation condition:

1
pso(r) = 27 / fs (T, o) dpso = 1. (3.30)

1

Replacing equation 3.28 into 3.26 yields:

(e e}

(r, 2, 1) Z QHI ) e / Py(po)tb(r, €, £)dSY. (3.31)

=0

Using Legendre addition theorem [91, 112], the integral defined in equation 3.31 be-

comes:

l

/ 4 /
Pilpo) = P(Q - Q) = (%—L) 3 Vi (Q)Yin(€). (3.32)
m=—I

The asterisk denotes a complex conjugate. Combining equations 3.31 and 3.32 yields:

J(r, Q,1) ZZYM Vst (1) Wy (r, 1), (3.33)

=0 m=—1

in which, U, ,,,(r, ) represents the angular variation in the angular flux (see equation 3.23)
and results from expanding the angular flux as a spherical harmonic series (according to
equations 3.18, 3.19, 3.20, and 3.21). Applying the Galerkin method [119, 120] to the

entire system of equations yields:

M S
qS(r7 Qa ) t) = Z \IIV(I‘, t) [Z MSZ(I')O{;J’OO(;Z’O
v=1 =0
l
+ 2ZMSZ Zaplm Vlm_'_aplm Vlm] (334)

The bracketted terms are collectively referred to as the scattering matrix. The angular
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discretisation of the scattering/removal operator, H, thus yields the diagonal matrix (for

spherical harmonics):

H,,(r) = /ﬂ (o) + (1)) M, (2) M, (22

L L I
- [Z psi(T) ) 00010 + 2 Z fsi(r) Z O O+ Q@0 ]
1=0

=1 m=1

(3.35)

in which, the scattering moments, 114 (r) have been truncated to order L. The coefficients

and o are each defined:

« p,l,m

C
p,lym

oS, = / M(QYE, (QdQ. al,,, = / M QY ()2 (3.36)
Q Q

The scattering/removal operator, H is therefore described in terms of an absorption coeffi-

cient, j,(r), a scattering coefficient, 5(r) and an angularly discretised scattering matrix.

3.4.3 Angular Mass and Jacobian Matrices

The final form of the angularly discretised Boltzmann transport equation is a multi-
dimensional differential difference equation representing a symmetric, hyperbolic cou-

pled system:

1, 0¥(r,t) 0¥ (r,t) 0¥ (r,t)
vAt ot T Ax ox Ay Jy * 0z

+H(r)¥(r,t) —S(r,t) = 0.
(3.37)

The three M x M angular Jacobian matrices, Ay, Ay, A, and the M x M angular mass

matrix, A are each defined:
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A, = /M Q)dQ =1, Ak_/M )M, (£2)dS2, (3.38)

where A, is the vector of angular Jacobian matrices A, = (A, A, AZ)T andk=x,vy, z.
The incremental solid angle d€2 = dwdu. The co-ordinate, p is the co-latitude from the
z-axis and w represents the azimuthal angle. Two angular co-ordinates, defined relative to
an orthogonal spatial co-ordinate system, are normally required to specify the direction,
(2, of multi-dimensional neutral particle travel. If x, y and z are orthogonal spatial co-
ordinates, the directional cosines of {2 with respect to x, y and z are defined in terms of

g, €y, and €2,

Q, = cos(d)=pn
Q, = (1-p*)? cos(w)
Q. = (1-p?)zsin(w) (3.39)

Only two direction cosines can be specified independently. However -since €2 is a unit

vector- the third direction cosine can be deduced according to:

L+ +2=1 (3.40)

During time-dependent radiation transport calculations, it is desirable to set the angular
mass matrix, A, equal to the an M x M identity matrix, I. This is possible if orthonormal

spherical harmonic or discrete ordinate basis functions are used.

3.4.4 Spatial and Temporal Discretisation Using SUPG Methods

A Streamline Upwind Petrov-Galerkin (SUPG) formulation [58, 59] is used to spatially
and temporally discretise the time-dependent Boltzmann transport equation. Prior to dis-
cretisation, the angularly discretised Boltzmann transport equation is pre-multiplied by a

space-time SUPG term to yield:
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(I—-A,-V,P) <%% +A -V¥(r,t)+H(r)¥(r,t) — S(r,t)) =0, (3.41)

1
where P represents a stabilisation matrix, A = (A, A, A,)", A, = (-1 A)?, and
v

Vi = (IE V)?. The stabilisation matrix is a diagonal matrix of spherical harmonics
that determines the amount of weighting assigned to a given finite element discretisation.
The stabilisation matrix, is described in more detail in chapter 5. If the second set of
brackets on the left hand side of equation 3.41 is defined as the residual. Equation 3.41

may be redefined:

(I- Ay - Vo P)Z(W(r, 1)) = 0. (3.42)

The spatial and temporal dependence of the angularly discretised flux, source and scatter-

ing/removal term are discretised in space and time using a finite element approximation:

H(r) ~H(r) = Ny, (r)H;, (3.43)

in which N, = Ny (r, t) is the amalgamation of all basis functions that are discontinuous
in time. Ny(r,t) and Ny, (r) are each (M x M) diagonal matrices containing finite
element basis functions associated with the angular flux, sources and scattering/removal
terms respectively. N represents the number of space-time finite element basis func-
tions associated with the materials and N represents the total number of basis functions
over all time steps associated with the angular flux and source terms. Wy, S, and H;

are vectors, of size M, containing the moments of the angularly discretised flux, source
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and the scattering/removal terms at nodes k and j respectively. A Petrov-Galerkin finite
element method is used to reduce the single Boltzmann transport equation into a series of
unknowns. Equation 3.41 is multiplied by a further matrix of finite element basis func-
tions, N;(r, ), before the expression is integrated over the space time slab, V' x AT.
Furthermore, Green’s theorem [59] is used to convert the volume integrals representing
the angularly discretised streaming terms into surface terms. This ensures that the method
is conservative even when reduced or inexact quadrature is used. Incoming boundary con-

ditions, W, (r,t), on ¥(r,t) are thus applied on the surface integral:

/T/FNz'(rat)(A-n)\I'( Hdldt = //nN ) W, (r, £)dTd

/ Ni(r, ) (A - 1) @(r, )dldt,
Tout
(3.44)

in which, I';,, represents the incoming flux boundary and I',,,;; represents the outgoing flux
boundary. The boundary conditions associated with the incoming and outgoing flux are
approximated using a Riemann approach [58, 61, 62, 129]. The incoming flux is a speci-
fied incoming boundary condition and the outgoing flux is taken from the solution internal
to the domain, but on the domain boundary, I'. A Riemann problem is formed normal to
the boundary by diagonalising the matrix A, = A -n. That is, using A, = R,A R ! and
W(r,t) = RyW,(r,t) in which, R, is a matrix of right hand side eigenvectors, R is a
matrix of left hand side eigenvectors and A, is a diagonal matrix of eigenvalues associated

with the Riemann decomposition. The boundary integral becomes:

/T/FNz'(r,t)( n) ¥(r,t)dldt = //N HRAR; 'R, (r,t)dldt (3.45)

Multiplying equation 3.45 by R ! yields:
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/T/FNZ-(r,t)AS (v t)dTdt = //FA DAL, (r, {)dldt

/ / HA, (r,t)dldt (3.46)
FAS<O

When the ;" diagonal component A# of the matrix of eigenvalues A, is positive, this
corresponds to an outgoing flux boundary for Riemann variable W*(r, ¢). The solution is
then used in the surface integral. When A is negative, an incoming boundary condition
is assumed and the flux condition is placed into the integral. Once the integral is formed
it is mapped back into original variables by multiplying equation 3.46 by R ; and placing

it into the fully discretised equation.
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4.1 Introduction

Two problems are said to be inverses of each other if the formulation of one involves all or
part of the solution of the other. The two problems considered, generally referred to as the
direct problem and the inverse problem, are obtained from one another by exchanging the
roles of the data and the unknowns [77, 78, 79, 147, 148]. The direct (forward) problem
represents the information flow specific to a natural, physical process. The direct problem
predicts the error free values for the data that correspond to a given model. The inverse
problem [77, 78, 79, 147, 148] is the reversal of the sequence, where material properties

can be estimated from the known dynamics of the physical system.

During most medical imaging techniques scattering is neglected and the path of the de-
tected photon is assumed to be a straight line between a chosen source-detector pair. For
low scattering environments the reconstruction problem can therefore be formulated as a
system of linear equations, directly derived from the Boltzmann transport equation. For
strongly scattering environments, such as those posed in near infrared optical tomogra-
phy, the progressive influence of scattering with distance makes the scattering problem
markedly more complex and non-linear. The solution therefore does not only involve the
calculation of optical properties but must also take in to account scattering effects while
inside the medium. Consequently there is not a generally applicable direct method for
solving such problems, and instead, inversion techniques are considered to evaluate what

material properties would have created the original signal.

Several inversion methods have been developed for imaging problems in highly scatter-
ing, heterogeneous media. Such methods include back projection methods, non-linear
optimisation methods and perturbation techniques. Non-linear optimisation techniques
are of particular interest when considering near infrared optical tomography and are
formulated in two parts. Initially the error between the forward model (estimated us-
ing trial cross sections) and any measured data is quantified, before the input data is
modified, often using a gradient based optimisation method, to reduce the data misfit
[71, 72, 73, 149]. Inversion examples using non-linear optimisation techniques are con-

tained in [41, 45, 74, 75, 76, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160].
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No general uniqueness results exist for optical tomography because of the range of dif-
ferent unknowns and different measureables. A problem is well-posed if its solution is
unique and exists for arbitrary data. Most inversion problems are highly non-linear and
ill-posed. That is, the solutions to inversion problems are generally either not unique, not
continuous or do not exist for arbitrary data. Generally the existence of a solution to an
inverse problem depends on uniqueness, quality of data, and the statistical behaviour of
the problem. However, if the problem is non-unique it may be possible to yield a solution
if appropriate prior information is available. Prior information may be supplied implicitly

in the form of regularisation or explicitly.

Advances in modelling and reconstruction techniques cannot overcome the fact that dif-
fuse optical imaging is a non-unique, ill-posed, underdetermined problem. These detri-
mental effects may have a profound impact on image quality, particularly spatial reso-
lution. To improve image quality, prior information may be used to reduce the effect of
ill-posedness by improving the accuracy of the model. The problem therefore becomes
better determined by allowing the small number of measurements obtained to be used
in a more effective way. Prior information may be obtained from anatomical imaging
techniques or by considering the physics and the physiology of the problem. The most
straightforward way to include prior information into the image reconstruction is to use an
anatomically realistic forward model. This increases the accuracy of the forward model
so that it can represent the measurements more precisely. Further improvements can be
made by incorporating anatomical information into the inverse problem and including
information about the covariance of the data and the image. A further approach is to ex-
press the error functional in a Bayesian framework in which, a statistical expression of

the inverse problem may be derived [5, 161].

4.2 Modelling Inversion Using the Adjoint M ethod

The adjoint model [79, 147, 162, 163] is a tool that has been developed for the inverse
modelling of physical systems. The adjoint problem is based on the direct problem and a

discrepancy (misfit) calculation between direct model predictions and the measured data.
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The discrepancy calculation is contained in an error functional which is minimised using

a gradient based optimisation technique [71, 72, 149].

4.2.1 The Formulation of the Direct Model

In operator form, the forward model describes the angular flux, v, that results from a

source placed in region, r at a boundary location, r:

10
—— 4+ Q- V+H| ¢y =Cd(r —ry)d(t). 4.1)
v ot

Equation 4.1 describes a series of S source problems, where s = (1,2, ....,S). The source

is a Dirac-delta function in time, §(¢), and space, d(r — r,) and is centred at position r, of
the domain r at time ¢. The magnitude of the source strength is given by C. 1) represents
the angular flux owing to the source number, s, while the scattering/removal operator, H,
contains the spatially varying material properties. Each source problem yields an angular
flux solution at all points in the solution domain. If the source position is located at a node
then the source strength and angular flux are equal to the finite element basis function

centred on that node multiplied by a scalar (to scale the strength).

b, — / / N,(r, t)S,dVdt, “2)
TJV

in which V' represents the solution domain and 7' represents the time domain. by =
(bs11bs12 ... bey M)T, contains the discretised source contributions and S, is a finite
element approximation of the source. If the source is located inside an element it must
be distributed to the nearest node associated with that element and possibly nodes associ-
ated with neighbouring elements. Following discretisation, the direct problem is defined

according to the matrix equation:

EW¥, = b,. 4.3)
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Each source problem results in a solution vector for the angular flux. For s = (1,2, ..., S)
the angular flux is defined ¥, = (¥g 1, ¥g 5 ... ¥4 nq)). Matrix E depends on the
discretisation method that is used and has a block sparse structure. By solving the discrete
linear system described in equation 4.3, a solution for the angular flux at all points along
the finite element mesh is found. The GMRES (Genralised Residual Method) iterative
solver is used to solve the discrete linear system [164] described in equation 4.3. The
GMRES algorithm is a Kyrlov type solver which can generate an approximation to any

general system by iteratively searching along the directions defined by the Krylov space:

K, (B, o) = {ro,Erg,E’rg,...,E™" 'ry}. 4.4)

Vector r( represents the initial residual of an initial estimate given by ¥, The scalar m
defines the size of the search space (i.e. the number of search directions). During each
iterative update the approximation W represents the projection onto the Krylov sub-space

that finds the vector with the minimum residual. That is, GMRES finds W, that satisfies,

‘min |b, - E¥], (4.5)

T eV o+K;
where ||.|| defines the 2-norm. GMRES incorporates block forward and backward Gauss
Siedel preconditioning. Each block is an M x M submatrix associated with each node

of the finite element mesh.

4.2.2 The Formulation of the First Order Adjoint Method

The adjoint method generally exists in the same form as the direct problem but from the
viewpoint of the system’s control variables [79]. The control variables often take the form
of boundary conditions or the material properties associated with the medium. Providing
the initial model is close enough to the global solution to allow successive relinearisations,
the model trajectory can be adjusted as close as possible to the measured data. Using the

product rule [91, 92], the variation due to the control variables may be expressed as:
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oE ov, Jb,
— v E = .
6mj s + 0mj 6mj

(4.6)

where, m = (m; ms ... mNH)T, represents the system’s control variables. In medical

T T

optical tomography m” = (m! ml)), in which m, = (m, maa ... Mo, )"

represents
the discretised absorption material properties where -assuming m,, is the nodal value of
a- Mg, = In(jta,) and My = (M1 Maoa .- Msony, ). Tepresents the discretised scattering
material properties in which myy, = In(us,). m, and my, are approximated using a set

of finite element basis functions, N H» such that:

NH NH
ma =) Npma, mwo= ) Ngm,. (4.7)
j=1 j=1

in which, j = (1,2, ..., Nly). Material properties are considered as opposed to material
cross-sections because the resulting contributions ensure positivity. The error functional
is optimised using standard least squares techniques and may result in uniform material
properties. In addition, material cross-sections, sometimes vary by several orders of mag-
nitude, which is undesirable when considering model regularisation. The error functional

becomes a negative log of a probability distribution assuming Gaussian noise.

R T M )

s=1 r=1 7=1 p=1 i=1

N —

Fy=

Equation 4.8 represents the weighted sum of the squared differences between observed
data, df . ,, and data predicted from a given material property distribution, ¥, - , ;, for
all S sources and R detectors. The summation is also performed over each node, : =
(1,2,...,N), for each time step, 7 = (1,2, ...,7) and for each degree of freedom, 1 =
(1,2,..., M). The weighting factor, W, distributes both the sources and detectors to the
nearest nodes using a Gaussian approximation (see chapters 5 and 6). The error functional
is minimised using an iterative, gradient based, optimisation algorithm [71, 72]. Starting
with an initial guess, for each iteration an improved vector of variables is searched. The

search direction is computed from the gradient of the error functional with respect to the
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control variables. Using the chain rule [91, 92] :

OF 0w ,\" oF
- ( ) (4.9)
0mj 0mj 0‘1’5
Re-arranging equation 4.6
ov JE db
> =-E! U, — 4.10
amj (8mj 8mj ) ( )
and transposing equation 4.10
ow,” OE db,\ "
— =- v, - —) ET 4.11
8mj (8mj 8mj ) ( )

Substituting equation 4.11 in to equation 4.9 the resulting gradient of the error functional

can be found

OF OE o, \" [y OF
%j—‘(amj“’famj) '(E aws) @12

oF
Defining E~7
efining 00,

= W7, the adjoint equation can be defined

OF

ET‘IJ* _
0wy

(4.13)

U= (W:,, WL, , ..., ,)7, represents the vector of (adjoint) control variables.

4.3 Gradient Based Optimisation M ethods

Least square methods assume a Gaussian approximation for the distribution of a random
variable [71, 149]. To obtain the best fit between a model estimation and observational

data, the minimum of the error functional is sought. This occurs when the gradient of the
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error functional, F', is equal to zero. The best fit measurements can then be incorporated
into an iterative search to find a solution to a given problem [71, 72, 165, 166]. Popular
optimisation techniques that are discussed include the Steepest Descent method [71, 72],
the Non-Linear Conjugate Gradient method [71, 72] and the second order Levenberg-
Marquardt method [71, 72, 73].

4.3.1 The Steepest Descent Method

From an initial starting point, my, the Steepest Descent (also known as Gradient Descent)
[71, 72] method updates that estimate by taking a step in the direction where the gradi-
ent of the error functional decreases most rapidly. This is commonly referred to as the

negative gradient direction:

oF
- 4.14
a m (4.14)
where a = (a1 ay ... ay'pq)?. The control variables are then updated according to:
my; = my + Qa, (4.15)

where «ay, 1s a carefully chosen constant. Providing o is chosen correctly, a monotonic
decrease in the error functional is ensured and a minimum eventually reached. However

-since o 1s usually a relatively small number- the rate of convergence is often very slow.

4.3.2 The Gauss-Newton Method

The Gauss-Newton method [71, 72, 167, 158] is based on the assumption that the error
functional can be accurately represented by a quadratic approximation at point my. A
Taylor Series expansion [91, 92] of the error functional can therefore be truncated to

include only first and second order derivatives:
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1
F(my + Am) = F(mg) +a’ Am + 5(AmTBAm). (4.16)
a, represents a gradient vector of size N'M and B is an (VM x N'” M) Hessian matrix of
second order derivatives. The Hessian matrix measures the curvature of the error surface.
The minimum of the error functional occurs when the gradient of the error functional is

equal to zero (which is often achieved using linear conjugate gradient methods). At this

point the truncated Taylor Series is reduced to:

a+BAm =0, 4.17)

Re-arranging equation 4.17 yields an expression for the incremental parameter change:

Am = —B™la, (4.13)

where the gradient vector and Hessian matrix are respectively defined as:

N
= = —e,— 4.1
a] am] Z:: 0_2 € am] 9 ( 9)
O%F N1 9e e e,
By=—t -3 4 42
PR Om,omy, z:: a2 Om; Omy, ‘i dm;omy’ (4:20)

and vector, € = (€ €] .... €xrpq), is a residual vector. For sufficiently small residuals,
the second term in equation 4.20 is ignored, resulting in an Approximate Hessian matrix.
Defining the Jacobian matrix, J, as the gradient of the residual with respect to the control
variables allows the gradient vector and Hessian matrix to de expressed in their vector

form:

a=—-J"We, 4.21)
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B=J'WJ. (4.22)

The parameter change, Am, and parameter update, my_ ;, are respectively defined:

Am =B 'a= (JTWI) (-J"We), (4.23)

my = my + (JTWI) (=TT We). (4.24)

Providing an initial iterate is sufficiently close to the solution, the Gauss-Newton method
has a quadratic rate of convergence. Divergence may occur if a poor starting vector (i.e.
a vector far from the minimum) is chosen because of the neglected second term in the
Hessian matrix. The Gauss-Newton method always fails if the Hessian becomes singular

or ill-conditioned.

4.3.3 The Levenberg-Marquardt Method

The Gauss-Newton method can be modified so that convergence always occurs. Far from
the minimum the Gauss-Newton method is not reliable. Near the minimum the Gauss-
Newton method converges very quickly while the Steepest Descent method converges
more slowly. The Levenberg-Marquardt method [71, 72, 73, 168] uses the Steepest
Descent method far from a solution’s minimum while switching to the Gauss-Newton
method once in the vicinity of the minimum. The approximate Hessian is replaced with

[74]:

B=J"WJ+ My, , (4.25)

where My, is the diagonal mass matrix and is found using finite element basis functions,
Ny, according to, My, = J Nu,dV. X is a conditioning factor that controls the

interpolation between the Steepest Descent and Gauss-Newton methods. AM y, controls
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the magnitude of the model update Am. If )\ is large then Am stays small. In addition,
AMy;, aids the conditioning of the Hessian matrix by increasing its diagonal dominance.

The iteration update is defined according to:

my = my + (JTWI + N\ My, ) (=TT We). (4.26)

A suitably large starting value of A must be given. As A tends to 0 the search direction
approaches the Gauss-Newton method, and as A tends to infinity the search direction
reduces to the Steepest Descent method. A is usually decreased by a factor of 10 when

iterates are successful and increased by a factor of 10 when the iteration fails.

4.3.4 Conjugate Gradient Methods

Although the error functional decreases most rapidly along the negative gradient direc-
tion, it does not necessarily produce the fastest convergence. Conjugate gradient algo-
rithms [71, 72] are gradient methods that perform searches along conjugate directions.
Conjugate directions generally produce faster convergence than Steepest Descent direc-
tions. A variable step size -which is used to minimise the error functional- is computed
and adjusted at each iteration point. All Conjugate Gradient algorithms begin by search-

ing in the Steepest Descent direction.

The Preconditioned Linear Conjugate Gradient Method

The Linear Conjugate Gradient method [72, 74] is an iterative scheme that is used to solve
linear systems with positive definite coefficient matrices. The distribution of eigenvalues
in a given coefficient matrix contributes to the performance of an algorithm and can be
made more favourable by preconditioning the linear system. The preconditioner [72], B,
is an approximation of the Hessian matrix, B, but is easier to invert. The preconditioning
matrix can, be calculated in a number of different ways [72] and must approximate B well

enough to improve convergence after each iteration. Like the Hessian matrix, matrix, B is
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non-singular and symmetric positive definite. For the convex quadratic Taylor’s expansion

described in equation 4.16, the gradient of the error functional results in some residual:

ro = a — BAX,. (4.27)

An initial starting point is defined in terms of the residual, r, and the preconditioner:

~

my = B_lro. (428)

A set of non-zero vectors r = (rg ry .... 'arpq) are conjugate with respect to a symmetric,

positive definite preconditioner, ]:3)_1, if:

r’B'r), = 0. (4.29)

The error functional is minimised in L steps (or less) along the individual directions of
the conjugate set. Starting with an initial point, X, and a set of conjugate directions, a

sequence is generated by setting:

Xit1 = Xp + agpmp, (4.30)

where «y; 1s defined in terms of the conjugacy condition:

_ riB7'r,

m; Bm,,
If oy is close to 1 then the preconditioner is considered a close approximation of the
Approximate Hessian given in equation 4.22. The solver is assumed to be converging
well if «4 is greater than 0.01 on the final linear iteration. The residual, r, is updated

according to:

ey =Ty — OékBl’l'lk. (432)
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The new parameter update, my 1, is finally calculated from a combination of the previous

vector, my, and the current descent direction.

A

my, = B vy, + By, (4.33)

where [}, requires that rj, and ry,; are conjugate with respect to B. An expression for (3,
is therefore found by premultiplying equation 4.33 by r +1 and imposing the conjugacy

condition.

T p-1
B

TR—
r, B-Ir

B (4.34)

Thus, for linear calculations, a preconditioned linear conjugate gradient solver is used to
perform successive one dimensional minimisations along each of the conjugate search

directions.

The Non-Linear Conjugate Gradient Method

The Linear Conjugate Gradient method [71, 72] can be adapted to minimise general con-
vex functions or general non-linear functions. Instead of computing a value for a, (given
in equation 4.31) a line search is performed, that identifies an approximate minimum of
the non-linear error functional along my. The residual is then replaced with the gradient

of the non-linear error functional. The search direction for each iteration is defined:

my = —ag41 + Gemy, (4.35)

in which, [3; can be calculated according to different techniques. Two of the most popular

methods used to calculate ) are the Polak-Ribere update and the Fletcher Reeves update.

The Polak-Ribiere update - j; is calculated according to the inner change of the previ-
ous change in the gradient with the current gradient divided by the norm squared of the

previous gradient:
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_ Aajay

Ok = (4.36)

aj_ a1
The Fletcher-Reeves update - 3, is the ratio of the norm squared of the current gradient

to the norm squared of the previous gradient.

By = 7§a£ak (4.37)

A1 Ak-1
The Polak-Riebiere method tends to be the more efficient and robust algorithm and has
therefore been incorporated into the Non-Linear Conjugate Gradient algorithm used in
our code. Non-linear Conjugate Gradient methods reduce to Linear Conjugate Gradient
methods when the error functional is a strongly convex quadratic function and the line

search is exact. The search direction is periodically reset to the negative gradient when

the number of iterations equals the number of network parameters.
TheLine Search - Brents Search

The non-linear conjugate gradient method generally requires a line search to be performed
to calculate 3. The Brents Search is a hybrid combination of a Golden Section Search
[72] and a quadratic interpolation. The Golden Section Search evaluates the optimisation
performance at a given distance and increases that distance by a specified amount at each
step along the search direction. When the performance increases between two iterations
a minimum is bracketed and a series of points are located within the initial interval. A
quadratic function is then fitted to these points and the minimum of the quadratic function
is computed. Providing the minimum falls within an appropriate level of uncertainty,
the performance of the individual points determines the section of the interval that can be
discarded. A new interior point is then placed within the new interval and a new minimum
is found. If the minimum falls outside the uncertainty then a new Golden Section Search

is performed.
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The nature of optical tomography inversion is to reconstruct cross-sectional images of the
optical properties of highly scattering biological tissue from source measurements and
detector readings performed on the surface of the domain. In this chapter, the transport of
optical radiation is described by the one-speed, steady state Boltzmann transport equation.
Using a full transport theory forward model to predict light propagation enables accurate
modelling of transparent, void-like regions, which are commonly found in biological me-
dia. A Stream-line Upwinded Petrov-Galerkin (SUPG) finite element method is used to
discretise the Boltzmann transport equation and spherical harmonic basis functions are
used to represent the angle of photon travel. A stabilisation term designed specifically for
inverse problems is incorporated into the discretisation to ensure an optimal modelling

method for both optically thick and optically thin media.

An error functional representing the forward model misfit measured at the detectors is
minimised using a gradient based, least squares optimisation scheme and is obtained by
differentiating the discrete forward model. This results in the reconstruction of the spatial
distribution of scattering and absorption coefficients inside the domain. Photon propa-
gation in layered tissue environments can produce non-unique solutions to the inverse
problem when insufficient data is supplied to the model. Special attention is therefore
given to the use of model covariance matrices and data weighting to assist the inversion

process to arrive at a physically plausible result.
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5.1 Introduction

Transport theory provides a deterministic numerical method that describes the migration
of neutral particles according to the Boltzmann transport equation. In this chapter a steady
state form of the mono-energetic Boltzmann transport equation have been used to model
the distribution of optical radiation inside a given medium. Prior to inversion a direct
numerical discretisation scheme, subdivides the solution domain into a finite number of
angular, (2 = (0, w), and spatial (r = (z,y, z)), components. Spatial discretisation is
achieved using a Streamline Upwinded Petrov-Galerkin (SUPG) formulation and the an-
gle of photon travel is described according to spherical harmonics. The SUPG method
has been designed specifically for inversion regimes and yields a set of discrete equa-
tions that can be differentiated with respect to an object’s material properties. This allows
gradients to be formed as part of the inversion procedure. The SUPG method also incor-
porates an exponential stabilisation matrix, in order to provide the numerical dissipation
necessary to model biological media. The exponential stabilisation matrix provides an
adequate amount of weighting to model both optically thick (diffusive) and transparent
media, media with highly scattering and absorbing material properties and media with

abruptly changing material properties.

Scattering dominant light transport [63, 64, 65] is a limiting factor in the development of
optical tomography. During most conventional medical imaging techniques (such as CT
and SPECT) scattering is neglected and the path of the detected photon is assumed to be a
straight line between a chosen source-detector pair. For strongly scattering environments,
such as those posed in near infrared optical tomography, the progressive influence of
scattering with distance makes the scattering problem complex and non-linear. There is
not a generally applicable direct method for solving highly scattering media, and instead,
inversion methods are applied to evaluate optical properties. A multi-dimensional, non-
linear inversion scheme is developed here to describe the transport of photons during near
infrared optical tomography. The technique enables the reconstruction of optical property
distribution in two and three dimensions for arbitrary model geometries and for arbitrary
source and detector positions along the boundary of the domain. The inverse problem is

posed as a functional optimisation problem [69, 41, 74, 75, 76]. Functional optimisation
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techniques employ a forward model that provides detector readings based on estimates of
the distribution of optical properties inside the medium. The predicted detector readings
are compared alongside observed data and are quantified using an error functional. The
functional is minimised by iteratively updating the trial estimates and performing new
forward calculations with these updated optical properties. Iterations are performed until
the predicted data agrees with the detector readings. The final distribution of optical

properties is then displayed as an image.

Most inversion problems are highly non-linear and ill-posed [74, 75]. That is, the so-
lutions to inversion problems are generally either not unique, not continuous or do not
exist for arbitrary data. Model covariance regularisation overcomes the problem of ill-
posedness at the expense of limiting the allowed models to a class of model that is com-
patible with the provided model covariance information. Functional optimisation tech-
niques are highly desirable because they allow the straightforward inclusion of model
covariance constraints by including additional terms in the error functional. Two addi-
tional functional terms have been added to the data misfit functional, penalising both
structure and any deviation from the starting model [74, 75]. It is also desirable to use
second order derivative optimisation schemes such as the Levenberg-Marquardt method
over first order optimisation schemes such as the non-linear conjugate gradient method,
since Levenberg-Marquardt calculations treat regularisation terms implicitly. Although
Levenberg-Marquardt methods involve computationally time consuming calculations in-
volving both Jacobian and approximate Hessian matrices, the assembly and storage of
the Jacobian and approximate Hessian matrix may be bypassed alongside the need to im-
plicitly invert the approximate Hessian. This is achieved using preconditioned conjugate

gradient (PCG) solvers to iteratively solve the associated least squares problem.

The following chapter is organised as follows. Section 5.2 describes the basic equations
used to model steady state radiation transport alongside their finite element discretisation.
Section 5.3 defines the error functional used in the inversion of non-linear ill-posed prob-
lems. The error functional has terms representing data misfit and model covariance with
a view of penalising structure and any deviation from the starting model. The optimisa-
tion of the error functional by means of a modified Levenberg-Marquardt method and a

description of how calculations involving Jacobian and approximate Hessian matrices are
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approached is described in section 5.4 and 5.5, while the numerical applications described
in section 5.6 demonstrate the feasibility of the proposed method. Finally, our findings

are summarised in section 5.7.

5.2 Governing Equations

For optical tomography applications the steady state Boltzmann transport equation is used
to describe the angular flux, ¢(r, €2), that results from an external source of photons,
s(r, ), incident on a host medium. The steady state Boltzmann transport equation for

mono-energetic photons is written:

Q- Viy(r,Q) + Hy(r,2) = s(r, Q), (5.1

where r is the position vector r = (, y, z) of a particle or photon moving along direction,
Q = (0,w). ¥(r, Q) is the particle angular flux and s(r, €2) represents an external source

term. The scattering/removal operator, H is defined:

H(r, 2) = (1ar) + 1a(x))b(x, 2) — / o, — Q) (r, )Y,

where 1,(r) and p4(r) represent position dependent absorption and scattering coefficients
respectively, and p4(r, Q- represents the differential macroscopic cross-section. To
complete the mathematical description of the Boltzmann transport equation the boundary
conditions must be defined for a particular problem. Each of the models presented in this

chapter have vacuum boundary conditions [34]:

P(rs,2) =0, when n-Q <O0. (5.2)

n represents the outward facing normal to the boundary.
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5.2.1 The Finite Element Approximation of the Forward Model

In order to solve equation 5.1 numerically the source term is subtracted from both sides
of equation 5.1 and the subsequent expression is discretised in angle and space. Angu-
lar discretisation is achieved using the Petrov-Galerkin method [58, 59, 119, 120]. The
Petrov-Galerkin method is applied by multiplying the entire expression by a series of
angularly dependent finite element weight functions, M ,(£2), and integrating the subse-
quent expression over the solution domain. Additionally a finite element approximation
W (r), replaces the continuous angular flux, ¢(r, ) and a finite element approximation,
S(r), is also used to approximate the source function, s(r, 2) . The system of equations,

for steady state radiation transport becomes:

/ﬂ M(Q) [ - Vi(r, Q) + Hu(r, Q) — s(r, Q)] d2 = 0. (5.3)

The approximation W (r) for the angular flux, ¢ (r, 2), is described using the finite ele-

ment basis function, M, (€2):

M
U(r, Q) ~ Y M, (Q)U,(r), (5.4)

where ¥(r) = (Uy(r) Uy(r) ... ¥ (r))T represents a vector of M angular moments
and M, (€2) represents the M (spherical harmonic) angular basis functions. Likewise, the
approximation, S(r), for the source function s(r, €2), is also expanded using a discrete

series of finite element basis functions:

M
s(r, Q) ~ ) M, (R)S,(r), (5.5)

where S(r) = (S1(r) Sa(r) ... Sp(r))T. For practical applications it is often assumed
that scattering collisions have rotational symmetry. Therefore the differential scattering
coefficient, ,us(r,ﬂ' — ), is not dependent on the incident and scattered particle direc-

tions, but instead on the change in particle direction, yo. Consequently, y4(r, o) may be
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expanded as a series of orthogonal Legendre Polynomials [112]. Following expansion,
Legendre addition theorem [112] is used to expand each orthogonal Legendre polyno-
mial as a series of directionally dependent spherical harmonics [32, 34, 59, 112, 109],
thus simplifying the scattering/removal matrix 7. The angular discretisation of the scat-
tering/removal operator, H, yields the diagonal matrix (for spherical harmonic discretisa-

tions):

Hou(6) = [ (ul) + 0, (0) M, ()M, ()

L L !
[Z psi(T) 0 ot 10 + 2 Z fhsi(T) Z Q1 1 m T a;,l,mai,l,m]
=0

=1 m=1
(5.6)
The scattering moments, /14 (r) are derived from the orthogonality of the Legendre poly-

nomials and the expansion has been truncated to order L. The coefficients o), ., and o), .,

are each given by:

Sy = /M (Q)dQ, oy, = /M (Q)de. (5.7)

Furthermore, Y75, (€2), and Y3, (€2) represent the real and imaginary parts of the spherical

harmonic function, Y; ,,,(€2). If P, ,,(x) denotes associated Legendre polynomials:

@+ —m)!
(Q)—\/ T+ m) P () cos(mw), 0<m <1

@+ —m)! .
(Q) = \/ T+ m) P (i) sin(mw), 0<m <I.

The final form of the angularly discretised Boltzmann transport equation is a multi-
dimensional differential difference equation representing a symmetric, hyperbolic cou-

pled system:
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0¥ (r) Ov(r)
ox + Ay dy

0¥ (r)
0z

Ay + A, +H(r)¥(r) — S(r) =0, (5.8)

The three M x M angular Jacobian matrices, Ay, Ay, A, are given by:

Ay, — / M, () Q4 M, ()2, (5.9)
Q

where A is the vector of angular Jacobian matrices Ay, = (A, A, A,)" and k = z,y, 2.
The incremental solid angle d€2 = dwdu. The co-ordinate p is the co-latitude from the
z-axis and w represents the azimuthal angle. Two angular co-ordinates, defined relative to
an orthogonal spatial co-ordinate system, are normally required to specify the direction,
Qy, of multi-dimensional neutral particle travel. If x,y and z are orthogonal spatial co-
ordinates, the directional cosines of {2, with respect to x, y and z are defined in terms
of 0, ,, and Qz, in which: Q, = cos(f) = p; Q, = (1 — uz)% cos(w); and 2, =
(1 — p2)2 sin(w).

A Streamline Upwind Petrov-Galerkin (SUPG) formulation [58, 59] is used to spatially
discretise the steady state Boltzmann transport equation. Prior to spatial discretisation,
the angularly discretised Boltzmann transport equation is premultiplied by a spatial SUPG

term to yield:

(I—A-VP)(A V¥(r)+Hx)¥(r) — S(r)) =0, (5.10)

where P represents a stabilisation matrix and H(r) = H. In the case of spherical har-
monics, P is a matrix that determines the amount of weighting assigned to a given finite
element discretisation. A matrix operator, g(hAy,, ), is used to simplify the description
of stabilisation matrices. A new stabilisation matrix P is defined that is differentiable
for inverse problems. The scattering/removal operator, H, may be defined in terms of a
matrix of right eigenvectors, Ry , a matrix of left eigenvectors, R;II and a corresponding

diagonal matrix of eigenvalues of A j:
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P{ | |
u — SAAF Method .
v O <O Reciprocal Method
0.8 7‘:, [O-0O Exponential Method —
& O— Galerkin Method
L Q % -X SUPG Method i

o.
A )\D.ﬂﬂ‘b_\]—m-ﬂ~mpm.m..§_%j
il 5 T 4 i)

Non-Dimensional Cross Section

Figure 5.1: Examples of stabilisation functions (see equation 5.14) used in linear Petrov-
Galerkin methods. Examples include stabilisation functions used in the SAAF method,
the Reciprocal method, the Exponential method, the Galerkin method and the SUPG

method.

H=RyAgR}". (5.11)

In which H represents a positive, semi-definite matrix of non-negative eigenvalues. When
using spherical harmonic basis functions H is a diagonal matrix and therefore R is the

identity matrix. The matrix of modified eigenvalues is defined as:

A ) =
Goo(Arr) = 9(Am,,) if p=v (5.12)

0 otherwise

The stabilisation matrix is subsequently defined:

P = hRyG(Ag)R;. (5.13)
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in which h is the spatially varying characteristic element size. Some specific examples
of stablisation matrices used in linear Petrov-Galerkin techniques are described in figure

5.1. Examples include:

1
SAAF method, hA =
method, g(hAs,) = 15—
Galerkin method, ¢(hAp,,) = 0.
1
SUPG method, ¢(hAp,,) = 3
1
Reciprocal method, g¢(hAp,,) = T A
The Exponential method, g(hAy,, )= e O3 A,

All proceeding calculations have been performed using a P matrix designed by the ex-
ponential method above. The exponential P matrix provides an optimal method to use in
both optically thick and optically thin media. If the second set of brackets on the left hand

side of equation 5.10 is defined as the residual Z (¥ (r)), equation 5.10 can be recast as:

(I—A-VP)Z(¥(r)) = 0. (5.14)

The spatial dependence of the angularly discretised flux, source and scattering/removal

term are discretised in space using a finite element approximation [119]:

N
)=o) = YN,

.
s(r) =~ S(r) = ZNgj(r)Sj,

Nu
H(r)~H(r) = > Ny, (r)H;, (5.15)
j=1

where Nj(r), N, (r), and Ny, (r) are each (M x M) diagonal matrices containing finite

element basis functions associated with the angular fluxes, sources and scattering/removal
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terms respectively. A/, N, and Ny represent the number of spatial finite element basis
functions associated with the angular flux, sources and materials and ¥ ;, S;, and H; are
vectors -of size M- containing the moments of the angularly discretised flux, source, and
scattering/removal terms. The spatially dependent finite element basis functions associ-
ated with the source and scattering/removal operator are spatially constant over a given
element. Therefore both N, and N represent the number of elements contained in the fi-
nite element mesh. To complete the discretisation, a Petrov-Galerkin method is used to re-
duce the Boltzmann transport equation into a series of v linear equations. This is achieved
by multiplying equation 5.10 by a further matrix of spatial finite element basis functions,
N;(r), before integrating the expression over the solution domain. Furthermore, Green’s
theorem [59] is used to convert the volume integrals representing the angularly discretised

streaming terms into new volume integrals and surface terms.

— /V(A - VN;(r)) ¥(r)dV + /VNZ-(I') (H(r)®(r) — S(r)) dV
+ /A-VNi(r)P%’dVJr/Ni(r) (A 1) ¥(r)dl
(5.16)

_ /Ni(r) (A -n)P Zdl = 0.

In which, V, represents the solution domain and, I, the surface of the domain. The finite

element basis function N;(r) is an M x M diagonal matrix containing the terms:

where i = (1,2, ....

[ Nr) 0 0 ]
N;(r) = 0 Nilw) (5.17)
0
0 0 Ni(r) |

,N). A full description of the spatial discretisation of the Boltzmann
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transport equation using Streamline Upwinded Petrov-Galerkin methods is described in
[58,59,61]. [58, 59, 61] also describe how estimations of the angular flux at cell faces and
domain boundaries are determined through a method of mapping the angular moments
to Riemann variables. Following discretisation, the direct problem is defined using the

matrix equation:

EW¥, = b.. (5.18)

A total of S source problems must be solved. Each source problem results in a solution
vector for the angular flux ¥, = (Bg 1, U1, ... U, aaq)?, in which s = (1,2,...,8).
By solving the discrete linear system described in equation 5.18, a solution for the an-
gular flux at all points along the finite element mesh is found. The GMRES iterative
solver is used to solve the discrete linear system [164]. The GMRES solver incorpo-
rates block forward and backward Gauss Siedel preconditioning and, for a large number
of angular moments, an angular multigrid preconditioner. Each block is an M x M
submatrix associated with each node of the finite element mesh. Matrix E depends
on the discretisation method that is used and has a block sparse structure and vector,
by = (bs11 bs12 ... bsaam)?, is a boundary vector representing discretised source
contributions. The finite element integrals used to calculate matrix E and source vector,
bg, are evaluated numerically using Gauss quadrature. The localised finite-element basis
functions used in the Petrov-Galerkin method are only non-zero in small regions of the

domain, making the discretised system of equations sparse.

5.2.2 The Treatment of Sources and Detectors

In operator form, the forward model describes the angular flux, v, that results from a

source placed in region, r at a boundary location, r:

Q- V +H]tp, = Cid(r —ry). (5.19)
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Equation 5.19 describes a series of S source problems, where s = (1,2,....,§). The
source is a Dirac-delta function centred at position rg of the domain r. The magnitude
of the source strength is given by (. 1), represents the angular flux owing to the source
number, s, while the scattering/removal operator, H, contains the spatially varying mate-
rial properties. Each source problem yields an angular flux solution at all points in the
solution domain. If the source position is located at a node then the source strength and
angular flux are equal to the finite element basis function centred on that node multiplied

by a scalar (to scale the strength):

b,, = / N, (r)S,dV, (5.20)
\%

in which S; is a finite element approximation of the source term, N;(r) represents a fi-
nite element basis function and b, represents the magnitude of the source strength. If the
source is located inside an element it must be distributed to the nearest node associated
with that element and possibly nodes associated with neighbouring elements. A Gaussian
function may be used to interpolate photons from a source on to adjacent nodes. If N
represents the total number of nodes in the finite element mesh, the finite element approx-
imation described in equations 5.5 and 5.15 is therefore defined according to the nodal
values S,; of S,. Thus, for the i** nodal position, x;, and the s'* source at position ry, S,;

is defined at each node according to:

(5.21)

The angular flux received at a detector location is also calculated using a Gaussian func-
tion to interpolate the flux from any adjacent nodes on the surface of the detector. De-
tectors are distributed to the nearest nodes in a similar way as sources are distributed (i.e.
according to equations 5.20, and 5.21). Thus, for the it nodal position, x;, the rth de-
tector at position r”, and the s source at position r,, the finite element approximation is

defined at each node according to:
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. — " 2
Sa = n%exp [—(XT”] : (5.22)
In equations 5.21, and 5.22, [,, and [,. represent the width of the Gaussian, which controls
the spreading of sources on to the nearest nodes and the spreading of angular flux from
adjacent nodes on to the detectors. The normalisation coefficients, ns or n are usually
chosen to be equal to the integral value in equation 5.20 for source and detector contri-
butions respectively. Unless a source or detector is placed at a node (in which case the

Gaussian width is made very small) the Gaussian width is usually chosen to be the same

size as the elements within the vicinity of the sources and detectors.

5.3 TheFunctional

The functional that is optimised to find a solution to the inverse problem is given by:

F=F+F +F,. (5.23)

In which Fj; represents the data misfit between observed and predicted data and F;. and
F, are regularisation terms that encourages certain types of model. The model covari-
ance information contained in the regularisation term applies smoothness and anisotropy

constraints affecting a homogeneous isotropic model.

5.3.1 The Data Misfit

The functional is a quantification of the data misfit between the model predictions and

measured data:

R M
SIS W (Wi —dz,)” (5.24)

s=1 r=1 p=1 =1

Fy=

N | =
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Equation 5.24 represents the weighted sum of the squared differences between observed
data, dy ,, and data predicted from a given material property distribution, ¥, ;, for all,
S sources and R detectors. The summation is also performed over each node, i =
(1,2,...,N), and for each angular moment u = (1,2,..., M). The weighting factor,
Wwr

s

distributes both the sources and detectors to the nearest nodes using a Gaussian

approximation (see equation 5.28). In matrix form, the data misfit functional is given by:

A

1 A
Fy= 5(\I: —d)"W (¥ —d), (5.25)
in which
@T:(\If{ o, o wT T W, w7, (5.26)
and
d"=(ai" aj" - ay’, o dRt df' - dR). (5.27)

The data covariance matrix W ! is diagonal and contains the weights, w’ associated with
each datum. The vector, ¥ — d, represents the residuals (data misfit) at each node for a

given source problem and for a given detector or detector pair.

5.3.2 The Gaussian Weight

For the i*" node at position x;, the rth detector at position, r’, and the st" source term, the

s L g

weighting contribution is defined:

r )2
W= Wy | i) (5.28)
n [

Where [, is the length over which the interpolation is performed and n, is a normalisation
coefficient. Equation 5.28 provides a mechanism for gathering the flux from local nodes

when the detector is placed between nodes. If the size of the Gaussian width, [,., is small
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compared to the element size then equation 5.28 assumes that the detector is re-positioned
at the nearest node. In all examples in this thesis the detector positions are centred on
nodes and /. is small relative to the neighbouring element sizes. Thus the use of equation
5.28 takes the flux at the node in question and compares it with the idea detector response
in equation 5.24. Therefore, W+ = w’ /n’, for a single node k = j (j is the node at which
the detector is placed) otherwise, W.* = 0. The weighting function typically has three
contributions. In the first two contributions w? is used to weight the datum associated
with each source-detector pair according to 1) the confidence in the datum and 2) for

preferential weighting of datum. When using w? for preferential weighting, large weights

r
s 1

are typically assigned to small data-values. The final contribution in the weight,
arises from the way in which the detectors are treated. The detectors are distributed to the
nearest node using a Gaussian distribution (equation 5.22) in the same way as sources are

distributed. The weight function, w?, is defined:

0 Z.f ((mr - xs)z + (yr - ys)2 + (Zr - 23)2) < Hz

Gt
mats otherwise.
¢ldmax5 + ¢2drmaxs

where k% = (Is + l,q)2 and [, and [, represent the length over which the interpolation
is performed. zg, ., ys, Yr, 2s and z, represent the z, y and z position coordinates for the
sources and detectors respectively. ¢, and ¢, are carefully chosen scalar constants that are
used to adjust weights so that the data observed at detectors with relatively small scalar
fluxes can be given higher priority. « is chosen to avoid putting excessive emphasis on
short range inversion information obtained by placing sources and detectors close to one
another. d,,,., is associated with the maximum value of the observed angular flux for all

detectors:

dmaz, = max {d; .. }, (5.29)

and d, . is the maximum value of the observed angular flux at detector, r, for source

experiment, s.
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5.3.3 Regularisation of IlI-Posed Inversion Problems

A problem is well-posed if its solution is unique and exists for arbitrary data. Most in-
version problems are highly non-linear and ill-posed. That is, the solutions to inversion
problems are generally either not unique, not continuous or do not exist for arbitrary data.
Model covariance regularisation overcomes the problem of ill-posedness at the expense
of limiting the allowed models to a class of models that are compatible with the provided
model covariance information. Depth and directionally dependent model covariance ma-
trices allow spatial variation and preferential model regularisation in arbitrary directions.
Data weighting poorly resolved inversion regions can also be incorporated into regular-
isation matrices to yield homogeneous solutions. Using appropriate model covariance
constraints and including any available a priori information can therefore remedy any

concerns associated with non-uniqueness and limited data coverage.

Spatial Regularisation

Regularisation in medical imaging is designed so that the layering of biological tissue
may be taken into account. In layered tissue environments the subsurface is smooth in
the layering plane but rough perpendicular to the layering plane. Spatial regularisation is
used to constrain the anisotropic and inhomogeneous structural properties of tissue, and to
incorporate these properties into the inversion along with any useful a priori information.

The regularisation term defined in equation 5.23 is defined as:

1 1 1
F, = 5’}%/ VTmak Vmg, dV + 5730/ vaSOk Vmg dV = §mTKm7 (530)
14 \%

K represents a diffusion tensor and is assumed to be isotropic and equal to one. 7,
and v, control the level of model covariance imposed for absorption and scattering
contributions respectively. m, = (mq Mg2 ... maNH)T represents the discretised ab-
sorption material properties where -assuming m,, is the nodal value of m,, = In(u,,).

my = (Mg Mis02 -+ Mo NH)T represents the discretised scattering material properties in



5.3 The Functional 111

which mgg, = In(js, ). m, and my, are defined collectively in terms of m” = (mZ m?),

and are approximated using a set of finite element basis functions, N, such that:

NH NH
ma =) Ngma, mo=) Nym, (5.31)
j=1 j=1

Material properties are considered as opposed to material cross-sections because the re-
sulting contributions to the error functional are quadratic. The error functional is there-
fore easily optimised using standard least squares techniques, resulting in uniform ma-
terial properties. In addition, material cross-sections, sometimes vary by several orders
of magnitude, which is undesirable when considering model regularisation. Structure is

penalised using a symmetric, positive-definite matrix, K:

o [, VNy kV Ny dV 0
K= | ' Jv VN, H , (5.32)
0 Vs0 fV VNHZ k VNH] dVv

In which K represents a diffusion matrix and is defficient in rank by 1. Therefore, K
is not invertible and a singular value has to be set in order to make K non-singular. Al-
though K is not invertible, a combination of likelihood and prior information can be used
to eliminate the problem null space so that a unique solution may be obtained. k is a
positive semi-definite 3 X 3 matrix and defines a scalar product, making the integrand
positive throughout the domain and therefore F;. positive. For medical imaging appli-
cations inhomogeneous smoothing is required, therefore each of the elements contained
inside matrix K should be defined as a function of position. Large initial values of v, or
vs0 affect a smooth, homogeneous model allowing large scale structures to emerge during
early iterations. During later iterations, structurally complex models emerge as, v, and

Ys0, are relaxed.

Penalising Deviation from the Starting M odel

The penalty deviation associated with an updated model relative to the starting model is

achieved by replacing the absorption material property, m,, with Am, = m, —m,_,_
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and the scattering material property, my, with Amy, = myy — my , :

obs

1 1
Fv = —)\/(ma — Mg, )de + —)\/(mso — Mso,, )2dV
2 V 0o0s 2 V oos
1 T 1 T
R~ §Ama VMy, Am, + §AmsoVMHLAmSO, (5.33)

in which Ama = (Amal Amag AmaNH)T and Amso = (Amsm Amsog AmsoNH)T
represent the change in the absorption and scattering material properties. The absorption

and scattering material properties associated with the previous least squares iteration are
: _ T _ T

glVen by maobs - (maobsl maobs2 o maobsNH) and msoobs - (msoobsl msoobs2 o msoobsNH)

respectively. My, is a lumped diagonal mass matrix containing only diagonal non-zero

values. In other words:

My, ifi=j:
M, = My J (5.34)

L;j; .
0  otherwise.

The lumped mass matrix, My, is found using finite element basis functions N,

My, = / Npy,dV, (5.35)
\%

The Bayesian framework for regularisation interprets My, as a priori information about
the underlying image probability distribution. In other words, My, is a penalty term. The
penalty term discourages reconstructed images with high values of Am? VMp, Am, or
Amf;FOVMHLAmsO. However, in practice My, is selected using ad hoc or heuristic
methods. If the prior does not model the actual data, the reconstruction is biased [169].

The scalar A controls the magnitude of the step length damping. Matrix V is defined:

Aife = g;
0 otherwise.
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54 Least Squaresinversion

The adjoint model [79, 162, 163] is a tool that has been developed for the inverse mod-
elling of physical systems. The adjoint problem is based on the forward problem and
a discrepancy (misfit) calculation between forward model predictions and the measured
data. The discrepancy calculation is contained in a functional which is minimised using
a gradient based optimisation technique [71, 72]. For medical imaging applications the
systems control variables represent the material properties associated with the medium.
Providing the initial model is close enough to the global solution to allow successive re-
linearisations, the model trajectory can be adjusted as close as possible to the measured

data. The adjoint form of equation 5.24 is defined:

SR (5.37)

where, O = (9%, ¥, ,. W )7 is the vector of the (adjoint) control variables
and F' represents the error functional defined in equation 5.23. Equation 5.37 describes a
series of S source problems, where s = (1,2, .....,S). The differential term on the right
hand side of equation 5.37 represents the data residual, which is used as a source term for
adjoint calculations. Using the abbreviation e = ¥ — d to represent the data residual, the

residual for an updated model may be approximated according to:

E(mnew) == 6(Tnold) + J(mnew - mold)~ (538)

m,;, represents the previously available best fit material properties and m,,.,, denotes the
updated material properties. The notation €(m.;4) and €(m,,.,,) indicates that the residual
is a function of the old material properties and new material properties respectively. J is

a Jacobian matrix:

g — 2€(moa) (5.39)

omyq

The elements of the Jacobian matrix consists of the changes in the data misfit, €(mq),
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for the source-detector pair, s and r, caused by a perturbation in the material properties
m,;;. Using the approximation for the residuals given in equation 5.38 the error functional

defined in equations 5.23, 5.30, and 5.33 becomes:

1
F = 5 [e(mold> + J(mnew - mold)] W [6(mold) + J(mnew - mold)]
+ lmfemenew
2
1
+ 5)\(mnew - mold)MHL(mnew - mold)- (540)

Differentiating the functional (equation 5.40) with respect to the control variables, m 4,

and equating to zero yields the solution minimum:

JTWI + K+ MMy, )Am = —J"WTe(m ) — Km,,. (5.41)
L

This least squares system for model updates Am = m,,.,, — m,, is called the Levenberg-
Marquardt method. Once model updates are calculated the old model is then updated.
If the inverse problem is non-linear, one can relinearise about the updated model and

calculate a further model update. Equation 5.41 can be expressed:

BAm = —a (5.42)

Y

where

B=J"WJ+K+\My,), (5.43)

and

a=—J"WTe(myy) — Kmgyy. (5.44)
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The term AMy, in equation 5.43 controls the magnitude of the model update Am. If A
is chosen to be large then Am stays small. AM, is also used to increase the diagonal
dominance and therefore the conditioning of matrix B in equation 5.42. JTW.J represents

the approximate Hessian matrix and a represents the gradient.

5.4.1 Calculations Involving the Jacobian and Hessian Matrices

Both the Jacobian matrix, J, and the approximate Hessian matrix, JZWJ, are never
explicitly computed or stored. Only the matrix-vector multiplication using these two

matrices is required. The Jacobian matrix, J, that is illustrated in equation 5.41 is defined:

Ji
T2

J=1"1 =~ |, (5.45)

Js

in which Z7 = (I, I, ... Is) where each I, for s = (1,2, ...,S) represents an identity
matrix of order Nz x Ny. Each J; contains the change in the angular flux at a given
node caused by a perturbation in the material properties at another node. The change in
the angular flux with respect to the material property perturbations are calculated for each
source forward problem, s. Multiplying the system by the Nz x N identity matrix Z7
affects a summation of the individual Jacobians, 7, of every source experiment (Z T —
(I I ... Is) for s = (1,2, ...,8)) into the Jacobian J for the entire data set. The Jacobian,

J. of the s'"-source experiment is approximated according to:

J, =E 'L, (5.46)

in which Ly = (Lo, Lo, - Loy, Lsos Loy - Losy,, ) and matrix E describes the direct
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problem in equation 5.18. The j* column vector, associated with absorption material

properties, 1, is defined as:

(5.47)

Asj

B Opa; [ OE B Ob,
B amaj a:uaj ° a/"bag‘ ‘

The j** column vector, associated with scattering material properties, lyo,, s defined as:

(5.48)

1305]-

a,us()]. ( OE 8bs )

— U, —
a,rrLSOj a,LLSO]' a,LLSO]'

Both an absorption coefficient and a scattering coefficient are defined for each cell. The

partial derivatives of the scattering and absorption coefficients with respect to material

property control variables, m,; and my, have been defined au—aj = ewxp(ma,) and
M,
a/lsoj . . e .
3 = ewp(mso,) respectively, which are exact for each node and ensures positivity.
mst

Furthermore the scattering/removal operator is a sparse diagonal matrix:

Mo + fhso — [hso 0 . . 0
0 Ha + Hso — Hs1 0
H=— 0 Ha + Hso — Hs2 0
0
| 0 . . 0 Ha + Hso — Hsm—1

(5.49)

The term contained in brackets in equation 5.47 can be formulated in terms of the gradient

of the absorption material properties:
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OE db, OH
a,ug,j s 8,uaj /V {(NJ - (VNJ . A)P) aluaj \Ils
P
(VN; - A) (8u ) (A-V¥,+HY, —8S,) }dv, (5.50)

and the gradient of the scattering material properties respectively:

OE Jdb OH
Ty, N, — (VN, - A)P)——— W,
a/"LSOj a/"LSOj /V{( ! ( ’ ) )alu“soj
oP
— (VN;-A) ((’m )(A-V\IIS+H\IJS—SS)}dV,(5.51)
50,

where S, represent the source for source problem s. The scattering material properties
incorporate both the scattering coefficient, 15, and the scattering moments, jg. Matrix-
vector multiplications involving, L ,, or its transpose, LST, are demonstrated using the vec-

— T — T
tors, q = <Qa1 Gay - anH 4501 4505 - qSONH) andv = (Ual Vag --- UGN’H Vs0; VUsOq -+ USONH)

respectively. For each length, NV, the matrix-vector multiplications take on the form

qu = (Qal 1a51 + Gas lasg + ) QaNH lfls/\fH + QS0113051 + 4504 18052 + o ) qSONH ISOSNH>7
(5.52)

To, _ T
L, v = (v la,, + Vaylay, + e s Vanry Lagny, T Us0y1s0,0 + Uso, Lig.p + oooee  UsOpry, ISOSJ\/H)

(5.53)

Since the nodal value for i, or p150, only manifests itself in E in a small region of the
local vicinity of node, j, 1, ; and ly,, have very few non-zero entries. Manipulations
that involve 1, ; or lyo,, are therefore computationally efficient. First order methods are
necessary conditions for optimality. To obtain a more accurate model the second order

adjoint equation must be solved. The second order adjoint utilises the positive, definite
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approximate Hessian matrix, JYWJ, in addition to the first order gradient vector. The
approximate Hessian, JTWJ, is defined in terms of the matrix-vector product involving

L, and L with an arbitrary vector, q, of length, 2/N7;.

S
J"WIq=) LIE"W.E 'L, (5.54)

s=1

where W, = Zzz:l W/ and the diagonal matrix W7 has diagonal elements w;. The
matrix E~! defines a direct calculation while E~7 is the adjoint model. To obtain vector,
JTW Jq, the solution of two matrix equations involving matrix E are required for each
source problem. If the Hessian matrix was used instead of an approximate Hessian matrix,
a further two matrix equations would have to solved for each source problem. It is unclear
whether using the exact Hessian, instead of this approximation to it, would result in a more

efficient algorithm.

5.5 Numerical Solution of the I nversion Problem

The functional F' defined in equation 5.23 is minimised using a Levenberg-Marquardt
optimisation algorithm. After calculating the model update, Am, the previous model
is updated and the error functional is evaluated again using the updated model. Both
the magnitude of the step length damping, A and the regularisation (contained in the

multipliers, v, and v,9) may be adjusted between the solution of the least squares problem.

5.5.1 The Solution Method

An iterative preconditioned linear conjugate gradient (PCG) solver is used to solve both
the forward problem and the least-squares inverse problem. The equations that describe
the PCG solver are described in detail by Pain et al [74]. The PCG solver requires the
formation of a preconditioning matrix, B. The preconditioner is usually defined in such a

way that the system, BAm = a, amounts to a simplified version of the original system,
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BAm = a (defined in equation 5.43). The preconditioner, B, therefore represents an

approximation to the approximate Hessian matrix, B and is defined:

B =K+ \My,. (5.55)

The preconditioner consists of the matrices containing structural constraints and step
length damping. This enables model covariance to be rigorously enforced during each
PCG iteration. The matrix, B, is non-singular and symmetric positive definite for a pos-
itive non-zero A. Convergence to a local minimum is assumed when the maximum per-
centage difference in the material cross-section updates from two consecutive iterations

becomes less than a certain tolerance.

Choice of Step length Damping Coeffi cient

The step length damping coefficient, A (described in equation 5.33), controls the con-
vergence of the PCG solution in two ways. Firstly A controls the conditioning (i.e. the
diagonal dominance) of matrix B to ensure that B is not singular. Secondly, the precon-
ditioner, B, contains the diagonal matrix AM g, , which is also contained in B. Increasing
A thus makes B a better approximation to B. A suitably large starting value of )\ is given
and the level of step length damping A is adjusted according to the following heuristics:
1) A is increased by a factor of 10 if either the PCG method is not converging well or the
updated model is worse than the previous model; 2) If using a larger step length damping
coefficient does not decrease the functional, F', the previous step length damping coef-
ficient is used. 3) If PCG solution of BAm = a is converging well [74] and the new

functional is less than the old functional, then ) is reduced by a factor of 10.

Choice of Penalty L evel

The structure penalty levels, 7, and v, (described in equation 5.30), influence the relative
importance of the structure penalty to the error functional for absorption and scattering

contributions respectively. 7, and 7y, are defined:
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Ya; = VaVa;_1» Vs0; = Vs07Vs0;_1 5 (556)

where [ represents the iteration level. The relaxation factors v, and v, need to be cho-
sen to be less than or equal to one. The strategy for choosing the penalty levels, 7y, and
vs0, 18 to initially use a large regularisation penalty level and gradually, at each subse-
quent Levenberg-Marquardt step, relax the respective penalty levels using v, and vy.
This forces large-scale structure to emerge during early iterations. During later iterations
structurally more complex models emerge. The inversion process is stopped when the
observed data is predicted to a pre-determined level or the model-updates become negli-
gibly small. At that point a model is found that is as smooth as possible and as rough as
necessary to fit the data to a sufficient level. Experience suggests the differentiation in-
volved in the least squares method must be exact. The differentiation must be performed
at a discrete level to provide gradients consistent with the data-misfit functional and the

discretised equations.

5.6 Numerical Examples

Presented are the simultaneous reconstructions of absorption and scattering coefficients
contained inside a given isotropic medium from measurements taken at the surface of
the domain. Circular and square test objects containing embedded inhomogeneities with
different scattering and absorption parameters are utilised as a crude representation of the
human head or breast. The forward (light transport) model used in the reconstruction of
each of the test cases was simulated using the steady state finite element representation of
the time independent Boltzmann transport equation described in the theory. The inversion
calculations utilise an iterative, adjoint reconstruction scheme that repeatedly calculates
an update of the solution until an error functional, becomes acceptably small. The various
locations of the individual sources and detectors for each of the subsequent experiments

are described in tables 5.1 and 5.2.
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Experiment 1 | Experiment 2 | Experiments 3 and 4
Source Number X y X y X y
1 -2.5 0.0 | 0.0 35 1.0 0.0
2 -1.75  1.75 | 35 0.0 2.0 0.0
3 0.0 25 | 00 3.5 |30 0.0
4 .75 175 | -35 0.0 4.0 0.0
5 2.5 0.0 5.0 1.0
6 1.75  -1.75 5.0 2.0
7 0.0 -2.5 5.0 3.0
8 -1.75  -1.75 5.0 4.0
9 4.0 5.0
10 3.0 5.0
11 2.0 5.0
12 1.0 5.0
13 0.0 4.0
14 0.0 3.0
15 0.0 2.0
16 0.0 1.0

Table 5.1: The x co-ordinate and y co-ordinate source locations for each of the steady

state inversion experiments described in chapter 5.
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Experiment 1 | Experiment 2 | Experiments 3 and 4
Detector Number X y X y X y
1 -2.5 0.0 | 0.0 3.5 1.0 0.0
2 -1.75 175 | 2.5 2.5 2.0 0.0
3 0.0 2.5 3.5 0.0 3.0 0.0
4 .75 1.75 | 2.5 25 |40 0.0
5 2.5 0.0 | 0.0 35 |50 1.0
6 .75 -1.75 |25 25 |50 2.0
7 0.0 25 | -35 0.0 5.0 3.0
8 -1.75  -1.75 | -2.5 2.5 5.0 4.0
9 4.0 5.0
10 3.0 5.0
11 2.0 5.0
12 1.0 5.0
13 0.0 4.0
14 0.0 3.0
15 0.0 2.0
16 0.0 1.0

Table 5.2: The x co-ordinate and y co-ordinate detector locations for each of the steady

state inversion experiments described in chapter 5.
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Figure 5.2: A two dimensional structured finite element circular mesh of diameter Scm
containing an inhomogeneity of diameter 2cm located at the centre of the domain. The

steady state problem has 1186 nodes and 1760 bi-linear quadrilateral elements.

5.6.1 Experiment1

The first simulation geometry depicts a circle Scm in diameter containing an inhomogene-
ity situated in the centre of the circle that is 2cm in diameter (figure 5.2). The absorption
and scattering coefficients of the medium and the inhomogeneity are contained in table
5.3. Eight equally spaced isotropic sources and detectors are situated around the circum-
ference of the medium to obtain the forward model and reconstruction model results. P;
and P; angular approximations are used to obtain the steady state forward and inversion
calculations along with a Levenberg-Marquardt optimisation method. The same sized
mesh is used to generate both the synthetic data and the inversion reconstruction. The
mesh used is two dimensional and has 1186 nodes and 1760 bi-linear quadrilateral ele-
ments. Both the absorption and scattering regularisation penalty levels (v, and ~yy) are
initially set to 100 and are annealed downwards by a factor of 1.5 after each Levenberg-
Marquardt iteration. The step length damping coefficient, A, is initially set to 0.1. As an
initial guess, a homogeneous medium was chosen with optical properties equal to those

of the background medium (table 5.3). In other words y, = 0.2cm and ,u; = 7.0cm.
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palem ™ | plem™

Background Medium 0.2 7.0
Inhomogenity 0.1 5.0

Table 5.3: Optical absorption and scattering coefficients for a circle Scm in diameter

containing an inhomogeneity placed at the centre of that circle 2cm in diameter.

Figure 5.3 illustrates scalar flux (i.e. the zeroth moment angular flux) as a function of x-
and y- spatial co-ordinates for the forward solution (top left hand side graph), the natural
log forward solution (top right hand side graph) and the adjoint solution (bottom graph)
for a single source-detector arrangement. Figure 5.3 illustrates the results obtained using
a P5 angular expansion. The peak’s illustrated in the forward solution diagrams indicate
the position of the isotropic source (at co-ordinates -2.5, 0.0) and how the scalar flux
propagates through the medium. The adjoint solution represents the data misfit between
the exact solution and the model prediction. The adjoint solution illustrates the adjoint
flux obtained from a detector placed at co-ordinates (-1.75, 1.75). The first and second
order gradient of the error functional attempt to adjust the absorption and scattering ma-
terial properties so that the forward model can better fit the exact solution obtained at the
detectors. As a result the scalar flux of the adjoint solution, the error functional, and the
gradient of the error functional all tend to zero as a more accurate angular flux approxi-
mation is found. The speed of convergence depends on the optimisation technique used,
the number of iterations performed, the refinement of the finite element mesh and the

complexity of the problem.

Figure 5.4 compares the converged absorption (left hand side) and scattering (right hand
side) reconstruction results for the problem geometry described in figure 5.2 and table
5.3. P, (top) and P5 (bottom) angular approximations were used to perform the inversion
calculations. The results confirm that a P, angular approximation provides an adequate
description for modelling radiation transport in highly scattering media. Figure 5.4 pro-
vides visual evidence that during P; and Pj inversion calculations, the algorithm finds
the correct location and approximate size of the inhomogeneity for both the absorption

and scattering reconstructions. The relative magnitudes of the absorption and scattering



5.6 Numerical Examples 125

Figure 5.3: Scalar flux as a function of two dimensional space (x and y) for the forward
solution (top left hand side graph), the natural log of the forward solution (top right hand
side graph) and the adjoint solution (bottom graph). A P; angular approximation is used

to obtain each of the above images. Scalar flux represents the zeroth moment angular flux.
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[ above 2.02%107" L1 above 7.00%10°
] 1.98+107" — 2.02%10"" [ ] 683x10° — 7.00%10°
] 1.92+410"" — 1.98%10"" [ ] 655x10° — 6.83x10°
[ ] 1.85%10°" — 1.92%10°" [ ] 6.27%x10° — 6.55%10°
] 1.79%107" — 1.85%107' ] 5.99%10° — 6.27%10°
Bl 1.72+«107" — 1.79%107' Bl 5.70%10° — 5.99%10°
Bl 166+107" — 1.72%107"' Il 542+10° — 5.70%10°
I 1.59%«107" — 1.66%107"' I 5.14%10° — 5.42%10°
L] 1.53x107" — 1.59%107" ] 4.86x10° — 5.14%10°
] 1.46%x107" — 1.53%107" ] 4.58%10° — 4.86x10°
0 1.40%107! — 1.46%107" [ ] 4.30%10° — 4.58%10°
L] 1.34%107" — 1.40%107" [ ] 4.02%10° — 4.30%10°
[0 1.27%107" — 1.34x107" [ ] 3.74%10° — 4.02%10°
Bl 1271107 — 1.27x107" Il 346+10° — 3.74%10°
] below  1.21x10 | below  3.46%10°

Figure 5.4: Absorption (left hand side) and scattering (right hand side) reconstruction
results for a circle in circle type problem using P; (top) and P; (bottom) angular ap-
proximations. The results confirm that a P; angular approximation provides an adequate
description for modelling radiation transport in highly scattering media. For each angular

approximation, convergence was reached after 11 Levenberg-Marquardt iterations.
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Figure 5.5: Error functional as a function of iteration number. For both P; (top graph) and

P; (bottom graph) angular approximations the error functional is reduced most dramati-

cally during early stages of the inversion. The penalty contribution to the error functional

takes greatest effect between iterations 2 and 6. During these iterations deeply embedded

material structure emerges.
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] above 2.03%107"
[ ] 1.99%107" — 2.03%107"
1.93%107" — 1.99%107"
% 1.86%107" — 1.93%107"
] 1.80%107" — 1.86%107"
B 1.74x107" — 1.80%107"
Bl 168«107" — 1.74%107"
I 1.61x107" — 1.68%107"
I 155%107" — 1.61%107"
I 1.49x107" — 1.55%107"
[ 1.42%107" — 1.49%107"
] 1.36%107" — 1.42+107"
B 1.30%107" — 1.36%107"
Bl 123+107" — 1.30%10°"
[ ] pelow  1.23%107"
] above  7.02%10°
[ ] 6.85%10° — 7.02%10°
6.57+10° — 6.85%10°
% 6.29%10° — 6.57x10°
[ ] 6.01x10° — 6.29%10°
B 5.73+10° — 6.01%10°
Bl 5.45+10° — 5.73%10°
I 5.16%10° — 5.45%10°
I 4.88+10° — 5.16%10°
I 4.60%10° — 4.88%10°
[ 4.32%10° — 4.60%10°
[ ] 4.04%10° — 4.32%10°
B 3.76%10° — 4.04%10°
Bl 3.47+10° — 3.76%10°
[ ] below  3.47%10°

Figure 5.6: Absorption (top image) and scattering (bottom image) reconstruction re-
sults for a circle in circle type problem using a P; angular expansion and a Levenberg-
Marquardt optimisation method. The problem geometry is the same as the problem geom-
etry used to reconstruct figure 5.4 but a refined finite element mesh is used. Convergence

was reached after 15 Levenberg-Marquardt iterations.

coefficients are also approximated fairly accurately. The P, and P; results approximate
the magnitude of the absorption coefficient, fi,, to extend from 0.2cm ™! to approximately
0.12cm™!, while the magnitude of the scattering coefficient extends from approximately
7.0cm ™! to approximately 3.4cm ™. The magnitudes of both the scattering and absorption
coefficients of the inhomogeneity are slightly overestimated, while the magnitudes of the

background medium remain accurate.

Figure 5.5 illustrates the error functional as a function of iteration number using P;

(top graph) and P5 (bottom graph) angular approximations. Both the P, and P; angu-
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lar approximations converged after 11 iterations to similarly small error functionals of
F =0.00647 and F' = 0.00672 respectively. The convergence criterion is chosen so that
once convergence is met, increasing the number of iterations does not change the inver-
sion model significantly. For both P, and P; angular approximations the error functional
is reduced most dramatically during early stages of the inversion (i.e. during the first four
iterations). The penalty contribution to the error functional takes greatest effect between

iterations 2 and 6. During these iterations deeply embedded material structure emerges.

Figure 5.6 compares the converged absorption (top image) and scattering (bottom im-
age) reconstruction results for the problem geometry described in figure 5.2 and table 5.3.
Calculations were performed using a P, angular expansion and a Levenberg-Marquardt
optimisation technique. While the problem geometry and optimisation conditions remain
largely the same as the conditions described in figure 5.4, the mesh used for the forward
calculation and the inversion reconstruction was much more refined. The new finite ele-
ment mesh had 4674 nodes and 6976 linear quadrilateral elements. The absorption and

scattering penalty levels (7, and ~,) are also increased to an initial value of 1,000.

It is necessary to increase the regularisation penalty levels because refined meshes have
more material property unknowns, and are therefore more sensitive to the effects of ill-
posedness. Figure 5.6 illustrates that little difference is observed in both the absorp-
tion and scattering reconstruction results when a finite element mesh with more nodes
is considered. The reconstruction converged after 15 iteration to an error functional of
F' = 0.0056. Four extra iterations were necessary because larger regularisation penalty

levels are initially used.

Non-Linear Conjugate Gradient M ethod Ver susthe L evenberg-Marquardt Method

The performance of the Levenberg-Marquardt method is compared alongside the per-
formance of the non-linear conjugate gradient method [72]. Medical optical tomography
provides an inversion scheme that is generally regarded as highly non-linear and ill-posed.
In other words the inversion scheme may produce non-unique solution’s for a given inver-

sion problem when insufficient data is supplied to the modelling domain. The non-linear
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above  2.00%107"
2.00%10"" — 2.00%10"
1.99%x10°" — 2.00¢10°"
1.98¥107" — 1.99%10°"
1.97%107" — 1.98+107"
1.96%10" — 1.97%107"
1.95%107" — 1.96%10°"
1.94x107" — 1.95%107"
1.93x10°" — 1.94%107"
1.92x107" — 1.93%107"
1.91x107" — 1.92%107"
1.90x10" — 1.91x107"
1.89%x107" — 1.90%10°"
18810 — 1.89%10°"

below  1.88«x107"

above  7.12%10°
7.09x10° — 7.12%10°
7.04%10° — 7.09%10°
6.98%10° — 7.04%10°
6.93x10° — 6.98%10°
6.88%10° — 6.93%10°
6.82%10° — 6.88%10°
6.77%10° — 6.82%10°
6.72%10° — 6.77%10°
6.66x10° — 6.72%10°
6.61%10° — 6.66%10°
6.56%10° — 6.61%10°
6.50%x10° — 6.56%10°
6.45%10° — 6.50%10°

below  6.45%10°
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Figure 5.7: Absorption (top image) and scattering (bottom image) reconstruction results
for a circle in circle problem using the non-linear conjugate gradient method. The inver-
sion was performed for 100 non-linear conjugate gradient iterations using a P, angular

expansion.

conjugate gradient method [72] is guided by the gradient of the error functional. Aside
from being minimised at a solution’s minimum the gradient of the error functional can
also equal zero at maximum values and saddle points, thus providing a series of non-
unique solutions. In contrast the Levenberg-Marquardt method is guided by both the
formulation of the gradient vector and the approximate Hessian matrix, thus providing a

more stable means of providing a solution.

Figure 5.7 illustrates the reconstructed material property distributions of the absorption
coefficient (top image) and the scattering coefficient (bottom image) for the example out-

lined in figure 5.2 and table 5.3. The inversion was performed for 100 non-linear conju-
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gate gradient iterations using a P; angular expansion. The approximate magnitude of the
absorption coefficient, /14, is virtually uniform, extending from 0.2cm ™ to approximately

L to

0.189cm ™!, while the magnitude of the scattering coefficient extends from 7.0cm ™~
approximately 6.45cm~!. The absolute values of both the scattering and absorption co-
efficients of the inhomogeneity are over-estimated, whilst the approximate location and
size of the inhomogeneity is also uncertain. On inspection figure 5.7 suggests that the
inhomogeneity is a ring structure placed in the middle of the domain rather than a circle

placed at the centre of the domain.

The relative failure of the non-linear conjugate gradient method when compared to the
Levenberg-Marquardt method can be explained according to the way in which the non-
linear conjugate gradient method treats regularisation terms. The non-linear conjugate
gradient method is guided primarily by the gradient of the error functional. Material
properties are therefore mainly adjusted around the sources and detectors, since it is here
that the gradient sensitivities are largest. During the first non-linear iteration the gradient
contains no regularisation contribution since the initial model is homogeneous. There-
fore the model after the first non-linear conjugate gradient iteration is not influenced by
regularisation and any ‘damage’ caused by a step in a structurally unregularised direc-
tion remains throughout the inversion. This is illustrated as the number of iterations is

increased.

In contrast the Levenberg-Marquardt method treats regularisation terms implicitly. The
implicit nature of the Levenberg-Marquardt method therefore enables structurally regu-
larised inversion so that deeply embedded objects may be resolved even during the first
Levenberg-Marquardt iteration. Regularisation parameters prevent material properties
being adjusted primarily around the sources and detectors, while large regularisation pa-
rameters result in uniform material property updates. The Levenberg-Marquardt method
converged after 11 iterations, reducing the error functional by two orders of magnitude
from F' = 0.708 to ' = 0.00647. The non-linear conjugate gradient ran for 100 iterations
and reduced the error functional to F' = 0.319. The presented example illustrates, that
inversion methods that treat regularisation implicitly, are better suited to finding the class

of model requested by the structural constraints.
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above
1.98%107"
1.93%107"
1.88%10°"
1.83%107"
1.78%10™"
1.72%107"
1.67x10™"
1.62%107"
1.57%10""
1.51%x107"
1.46x10™"
1.41%x107"
1.36%x107"

below
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above
7.76%x10°
7.47x10°
7.18%10°
8.90%10°
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6.32%10°
6.04%10°
5.75%x10°
5.46%10°
5.18%x10°
4.89%10°
4.60%10°
4.32%10°

below

BT

2.02%107"
2.02%107"
1.98%107"
1.93%107"
1.88%107"
1.83%107"
1.78%107"
1.72%107"
1.67%107"
1.62%107"
1.57%107"
1.51%107"
1.46%107"
1.41%107"
1.36%107"

7.93%x10°
7.93%x10°
7.76%10°
7.47x10°
7.18%x10°
6.90%10°
6.61%10°
6.32x10°
6.04%x10°
5.75%10°
5.46x10°
5.18%10°
4.89%10°
4.60%10°
4.32%x10°

Figure 5.8: Absorption (top image) and scattering (bottom image) reconstruction results

for a circle in circle type problem using a P, angular expansion. The inversion was

performed for 14 Levenberg-Marquardt iterations without regularisation constraints.

Regularised and Unregularised Inversion Using the L evenberg-M arquar dt M ethod

The regularisation functional, F), is used to impose structural constraints on a given

model. The structural constraints are contained in the model covariance matrix, K (see

equation 5.32). Performing an unregularised inversion is equivalent to setting the model

covariance matrix, K, equal to zero.

Figure 5.8 illustrates the Levenberg-Marquardt reconstruction of the absorption (top im-

age) and scattering coefficients (bottom image) illustrated in figure 5.2 and table 5.3 with-

out the application of structural constraints. The reconstruction was performed using a P,

angular expansion. The relative magnitude of the scattering and absorption coefficients
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are not approximated as accurately as the absorption and scattering coefficients resolved
in figure 5.4. The approximate magnitude of the absorption coefficient, 1, extends from

0.2cm ™! to approximately 0.136cm ™!

, while the magnitude of the scattering coefficient
extends from 7.93cm ™! to approximately 4.32cm ™. While the absorption reconstruction
provides a reasonable inversion result the scattering coefficient is largely overestimated in
the vicinity of the sources and detectors, thus providing the modelling domain with eight
image artefacts. The unregularised inversion does not find a good model reconstruction
because, like the non-linear conjugate gradient method, the inversion is largely guided
by the gradient of the error functional. The gradient is largest around the sources and
detectors, therefore the largest adjustments made to the material properties are made at
the surface where the sources and detectors are located. This initially decreases the data

misfit, but prohibits model updates at depth during later iterations.

During the first 14 Levenberg-Marquardt iterations, the error functional is reduced by
approximately two orders of magnitude, from F' = 0.708 to F' = 0.00124. Although
the error functional is markedly reduced the final reconstruction does not resemble the
true model. As well as partially reconstructing the inhomogeneity placed deep inside
the medium, structure in the inversion model is also concentrated near the surface of the
domain where the sensitivity of the error functional to changes in material properties is

largest.

Applying model covariance constraints turns an otherwise ill-posed problem into an over
determined system of equations that can be easily solved using a Levenberg-Marquardt
optimisation scheme. The nature and size of the model covariance penalty parameters
determines the appearance of the inversion model. The size of the regularisation penalty
parameters 7, and 7, (equation 5.56) are chosen at each iteration of the solution of the
inverse problem. Generally, it is assumed that the data misfit improves as the magni-
tudes of v, and ~y,, are decreased and model covariance constraints become relatively less
important in the error functional. However, using values that are too small can cause detri-
mental effects to the model update, manifested in the over fitting of data in regions where

sensitivities are highest (i.e. in regions where source-detector separations are small).

Figure 5.9 illustrates a Levenberg-Marquardt reconstruction of absorption coefficients
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Figure 5.9: Absorption (top image) and scattering (bottom image) reconstruction results
for a circle in circle type problem using a P, angular approximation. The inversion
was performed for 14 Levenberg-Marquardt iterations using constant regularisation con-

straints of v, = 50 = 100.

(top image) and scattering coefficients (bottom image) for a system with a fixed regu-
larisation penalty level of 7, = 50 = 100. The reconstruction was performed using a
P1 angular expansion for the geometry described in figure 5.2 and table 5.3. Figure 5.9
provides visual evidence that the algorithm finds the correct location and approximate
size of the inhomogeneity for both absorption and scattering reconstructions. The rela-
tive magnitudes of the absorption and scattering coefficients are also approximated fairly
accurately. The approximate magnitude of the absorption coefficient, x,, extends from

1

0.2cm~! to approximately 0.146cm~!. The magnitude of the scattering coefficient ex-

tends from 6.7cm ™! to approximately 4.41cm .
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Models resulting from large regularisation penalties stay smooth. As the penalty de-
creases, successively more structure develops. Models with small regularisation penalty
values result in a rough inversion model, which sometimes does not bare resemblance to
the true model. Figure 5.10 compares the error functional as a function of iteration num-
ber for the first 100 iterations of the non-linear conjugate gradient method (top graph) and
calculations performed using the non-linear conjugate gradient method (dashed line with
triangular symbols), the unregularised Levenberg-Marquardt method (the dotted line with
diamond symbols), the regularised Levenberg-Marquardt method with constant regular-
isation penalties (the dashed line with circular symbols) and the regularised Levenberg-
Marquardt method with a penalty relaxation equal to 1.5 during each iteration (the solid
line with square symbols). The bottom graph illustrates decreases in the error functional

during the first 11 iterations.

Figure 5.10 show that the non-linear conjugate gradient method decreases the error func-
tional very slowly when compared to the Levenberg-Marquardt method illustrated in fig-
ure 5.5. After 100 non-linear conjugate gradient iterations the error functional is reduced
to F' = 0.319. This is a great deal larger than the error functionals obtained during
Levenberg-Marquardt iterations. The bottom graph, illustrated in figure 5.10 suggests
that in terms of data misfit or value of the error functional an unregularised model might
be regarded as a ‘good’ inversion scheme, despite absorption and scattering image re-
constructions suggesting the contrary. According to figure 5.10, the unregularised model
provides the steepest decline in error functional and therefore the strongest convergence
despite providing a scattering reconstruction showing eight image artefacts (figure 5.7)
situated close to each of the sources and detectors. Figure 5.10 also illustrates that in-
version performed with large or fixed penalty parameters generally result in large error

functionals.

Although the reconstruction scheme illustrated in figure 5.9 provides visually pleasing
results, the motivation for using relaxation of penalty parameters is twofold. Firstly, it
is anticipated that by using large penalty parameters during early iterations, large scale
structures are recovered. During later iterations, when the penalty parameters become
smaller, small scale features are created. It is necessary to reconstruct small detail when

considering complicated model geometries such as MRI images of the human brain. Sec-
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Figure 5.10: Error functional as a function of iteration number during non-linear conju-

gate gradient iterations (top graph) and calculations performed using the non-linear con-

jugate gradient method, the unregularised Levenberg-Marquardt method, the regularised

Levenberg-Marquardt method and the regularised Levenberg-Marquardt method with a

penalty relaxation equal to 1.5 during each iteration. The bottom graph illustrates the

decrease in the error functional during the first 11 iterations.
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Figure 5.11: A two dimensional layered finite element circular mesh of diameter 7cm.
The outer layer has a thickness of 0.7cm, while an inhomogeneity of diameter 2cm is
located at the centre of the domain. The mesh used for the forward model and inversion

model reconstruction has 2210 nodes and 3296 bi-linear quadrilateral elements.

ondly, it is difficult to specify optimum penalty levels without knowledge of error levels
in the data and the amount of structure contained in the model. Thus it is anticipated that
by relaxing the penalty levels after each iteration from a large initial value, an optimum
penalty level is encountered somewhere along the way that will terminate the inversion

process.

5.6.2 Experiment 2

Figure 5.11 illustrates a symmetric, layered circle. The circular test object is 7cm in diam-
eter and contains a 0.7cm thick outer layer, an inner layer 1.8cm thick and an embedded
inhomogeneity located at the centre of the domain. The inhomogeneity has a 2cm di-
ameter. The optical parameters of each layer and the inhomogeneity are listed in table
5.4. Four sources and eight detectors are placed around the circumference of the medium
to obtain the forward model and reconstruction model results. The sources are placed

at co-ordinates (0.0, 3.5), (3.5, 0), (0.0, -3.5) and (-3.5, 0.0). Four of the detectors are
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Regions | ya[em™] | p,Jem™!

Outer Layer (Background Medium) 0.2 7.0
Second Layer 0.05 2.0
Embedded Inhomogeneity 0.1 5.0

Table 5.4: Optical absorption and scattering coefficients for a layered circle 7cm in diam-
eter containing a 0.7cm thick outer layer, an inner layer 1.8cm thick, and an embedded
inhomogeneity located at the centre of the domain. The inhomogeneity has a 2cm diam-

eter.

placed at the same co-ordinates, while the other four detectors are placed at co-ordinates
(-2.5, 2.5),(2.5, 2.5), (2.5, -2.5) and (-2.5, -2.5). A P; angular approximation is used to
obtain the steady state forward and inversion model calculations alongside a Levenberg-
Marquardt optimisation method. The finite element mesh used for both the forward model
and inverse reconstruction results has 2210 nodes and 3296 bi-linear quadrilateral ele-
ments. Both the absorption and scattering regularisation penalty levels (v, and ~yy) are
initially set to 100 and are annealed downwards by a factor of 1.5 after each Levenberg-
Marquardt iteration. The step length damping coefficient, A, is initially set to 0.1. As an
initial guess, a homogeneous medium was chosen with optical properties equal to those

of the background medium. In other words p, = 0.2cm and ,u; = 7.0cm.

Figure 5.12 compares the converged absorption (top image) and scattering (bottom im-
age) reconstruction results for the problem geometry described in figure 5.11 and table
5.4. Since the optical parameters meet the criterion necessary to assume a highly scatter-
ing medium, a P; angular approximation provides an adequate description for modelling
radiation transport. Figure 5.12 provides visual evidence that the inversion algorithm
finds the correct location and approximate size of the inhomogeneity for both absorption
and scattering reconstructions. The algorithm also illustrates the approximate layering

thicknesses and provides good optical property magnitudes for each region.

The P, results approximate the magnitude of the absorption coefficient, p,, to extend

1

from 0.162cm™~! to approximately 0.0648cm~!, while the magnitude of the scattering
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Figure 5.12: Absorption (top image) and scattering (bottom image) reconstruction results

for a layered circular type problem using a P; angular approximation. The inversion

converged after 20 Levenberg-Marquardt iterations.

Regions |  piu[em™1] p,[em™]

Outer Layer (Background Medium) | 0.096-0.16 | 4.53-8.93
Second Layer | 0.065 - 0.073 | 1.63 - 2.21

Embedded Inhomogeneity | 0.083-0.10 | 3.95-5.11

Table 5.5: Absorption and scattering reconstruction optical properties for a layered circle

7cm in diameter containing a 0.7cm thick outer layer, an inner layer 1.8cm thick and an

embedded inhomogeneity located at the centre of the domain. The inhomogeneity has a

2cm diameter.
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Figure 5.13: Error functional as a function of iteration number. The top graph illustrates
the reduction of the error functional during the first 20 Levenberg-Marquardt iterations.
The bottom graph extends from iteration number 4 to iteration 10. The penalty contribu-

tion contained in the error functional takes greatest effect during this period.
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coefficient extends from approximately 8.93cm ™! to approximately 1.63cm™~!. Table 5.5
describes the range of absorption and scattering coefficients for the outer 0.7cm layer,
the inside 1.8cm layer and the embedded inhomogeneity described in figure 5.11. The
average optical properties of each region approximate that of the absolute optical property
magnitudes described in table 5.4. The magnitudes of both the scattering and absorption
coefficients of the inhomogeneity are most accurately approximated, while the magnitude
of the scattering coefficients for the layered regions fall within the range described in table

5.4. The absorption coefficient magnitudes are underestimated in both layered regions.

Figure 5.13 illustrates the error functional as a function of the iteration number for the P,
angular expansion described above. The top graph illustrates the model converging after
20 iterations to an error functional of F' = 0.00623. The convergence criterion is chosen
so that once convergence is met, increasing the number of iterations does not change the
inversion model significantly. Figure 5.13 indicates that the error functional is reduced
most dramatically during early stages of the inversion (i.e. during the first four iterations).
The bottom graph illustrated in figure 5.13 illustrates that the penalty contribution to the
error functional takes greatest effect between iterations 4 and 10. During these iterations

fine, detailed structure emerges from deep within the model.

5.6.3 Experiment 3

Figure 5.14 illustrates a square domain of size Scm x Scm. The domain contains three
embedded inhomogeneities, each of size lcm x Icm . The inhomogeneities are placed
Icm deep inside the medium. The absorption and scattering material properties of both
the background medium and the embedded inhomogeneities are described in table 5.6.
Two of the embedded inhomogeneities have the same absorption material properties and
two of the embedded inhomogeneities have the same scattering material properties. Six-
teen equally spaced isotropic sources and detectors are situated around the circumference
of the medium to obtain the forward and reconstruction model results. A P, angular ap-
proximation is used to obtain the steady state forward and inversion model calculations
along with a Levenberg-Marquardt optimisation method. The same sized mesh is used

to generate both the synthetic data and the inversion reconstruction. The mesh has 882
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Figure 5.14: A two dimensional finite element square mesh for a phantom of size Scm x

Scm. Three inhomogeneities are located 1cm deep inside the medium. The mesh used for

the forward model and inversion model reconstruction has 882 nodes and 1280 bi-linear

quadrilateral elements.

palem™] | g [em™]
Background Medium 0.07 10.0
Top Left Inhomogeneity 0.07 15.0
Bottom Left Inhomogeneity 0.14 10.0
Bottom Right Inhomogeneity 0.14 15.0

Table 5.6: Optical absorption and scattering coefficients for a square domain of size Scm

x 5cm. Three inhomogeneities are contained inside the domain. The scattering and

absorption material properties of each of the inhomogeneities are described.

nodes and 1280 bi-linear quadrilateral elements. The absorption and scattering regulari-

sation penalty levels (7, and o) are initially set to 100,000 and are annealed downwards

by a factor of 1.5 after each iteration. The step length damping coefficient, J, is initially

set to 0.1. As an initial guess, a homogeneous medium is chosen with optical properties

that equal the background. In other words 1, = 0.07cm and M; = 10.0cm.
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Figure 5.15: Absorption (top image) and scattering (bottom image) coefficient reconstruc-
tion results for a square domain problem containing three embedded inhomogeneities.
Two of the embedded inhomogeneities have the same absorption material properties and
two of the embedded inhomogeneities have the same scattering material properties. The
inversion was performed using a P; angular approximation, a Levenberg-Marquardt opti-

misation scheme and was run for 43 iterations.

Figure 5.15 compares the converged absorption (top image) and scattering (bottom im-
age) reconstruction results for the problem geometry described in figure 5.14 and table
5.6. Since the optical parameters meet the criterion necessary to assume a highly scatter-
ing medium, a P; angular approximation provides an adequate description for modelling

radiation transport.

Figure 5.15 provides visual evidence that the inversion algorithm finds the correct loca-
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tion, size and approximate shape of the three inhomogeneities for both absorption and
scattering reconstructions. The approximate magnitudes of the absorption coefficients
and scattering coefficients of each of the three inhomogeneities are reconstructed rela-
tively accurately. The P results approximate the magnitude of the absorption coefficient,

1

[La, to extend from 0.059cm ™! to approximately 0.112cm™?, while the magnitude of the

scattering coefficient extends from approximately 16.0cm~! to approximately 8.46cm ™.
The algorithm manages to distinguish between absorption and scattering features with
relatively little cross-talk. The magnitude of the background absorption and scattering

coefficients also remain accurate.

Figure 5.16 illustrates scattering (top set of images) and absorption (bottom set of im-
ages) reconstructions during the first 10 iterations of the Levenberg-Marquardt optimisa-
tion scheme. Starting from a homogeneous model, the basic material property structure
emerges as the number of iterations is increased from 1 to 10. It is clear after 10 iter-
ations that three inhomogeneities exist, two of which have the same scattering material
properties and two of which have the same absorption material properties. After 10 it-
erations the magnitude of the absorption coefficient, 1, ranges from 0.0670cm~! to ap-

1

proximately 0.0947cm ™", while the magnitude of the scattering coefficient extends from

1

approximately 9.22cm™! to approximately 12.0cm~!. In contrast, after just 1 iteration

the magnitude of both the absorption and scattering material properties remain fairly ho-

mogeneous. The magnitude of the absorption coefficient, 1, extends from 0.0747cm™*

to approximately 0.0809cm !

, while the magnitude of the scattering coefficient extends
from approximately 10.0cm ™" to approximately 10.60cm~'. The respective magnitudes
of the scattering and absorption material properties remain homogeneous during early
iterations because the magnitude of the regularisation penalty levels (v, and ) are ini-

tially very large.

At first glance, the results described appear contradictory to the results described by Ar-
ridge and Lionheart [37]. Arridge and Lionheart have shown that if the (steady state) dif-
fusion equation is assumed as the model of light propagation in optical tomography, the
simultaneous unique recovery of diffusion and absorption coefficients cannot be achieved
[37]. In other words, there is no unique solution to the inverse problem. However, the

model described utilises a P, angular approximation to describe diffusive radiation trans-
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Iteration=6 — 10

Scattering Coefficient Images

Iteration = 6 —

Absorption Coefficient Images

Figure 5.16: Scattering (top set of images) and absorption (bottom set of images) recon-
struction results during the first 10 iterations of a square domain problem containing three
inhomogeneities. The inversion was performed using a P; angular approximation and
a Levenberg-Marquardt optimisation scheme. Notice the basic absorption and scatter-
ing material property structure emerging as the number of iterations are increased (left to
right) from 1 to 10. Detailed material structure and accurate material property magnitudes

are resolved during later iterations.
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Figure 5.17: Error functional as a function of iteration number. The top graph illustrates
the reduction of the error functional during the first 20 Levenberg-Marquardt iterations.
The bottom graph also extends from iteration number 1 to iteration 20. The gradual
decline of the error functional after the first Levenberg-Marquardt iteration is because 7,

and -, are initially set to large magnitudes before being slowly annealed downwards.
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port. The P, angular approximation is not entirely equivalent to the diffusion approxima-
tion. The diffusion approximation represents a hyperbolic system whereas a P, angular
expansion represents a parabolic system. It was suggested by Matcher et al [170] that
uniqueness may be restored if the model is taken to be a P, approximation. The above

result may therefore provide additional evidence to support this claim.

Figure 5.17 illustrates error functional as a function of iteration number for the first 20
Levenberg-Marquardt iterations of the P, angular expansion. The model converged after
43 iterations from an error functional of /' = 873.855 to an error functional of F' =
0.162. Like figures, 5.5 and 5.13, figure 5.17 indicates that the error functional is reduced
most dramatically during early stages of the inversion. However, the decline in the error
functional is not as sharp as described in figures 5.5 and 5.13. This is because a high
initial regularisation penalty parameter of 100,000 is selected for both ~, and 5. The
high regularisation penalty results in an initially homogeneous model and provides a few
fairly homogeneous material property updates. The regularisation penalty is annealed
downwards by a factor of 1.5 after each Levenberg-Marquardt iteration. The small relative
reduction in 7, and v, provides a gradual decrease in the error functional. The inversion
takes a greater number of iterations to converge because the regularisation is essentially

taking its time and also because the functional is being reduced from a high initial value.

5.6.4 Experiment4

The final simulation geometry, described in figure 5.18, is a square domain containing
an embedded transparent, void-like ring. The ring has a 1.0cm thickness and is placed
1.0cm deep into the domain. The absorption and scattering material properties of both
the background medium and the transparent void are described in table 5.7. Sixteen
equally spaced isotropic sources and detectors are situated around the circumference of
the medium to obtain the forward and reconstruction model results. P;, 5, and Ps an-
gular approximations are used to obtain steady state forward and inversion calculations
using a Levenberg-Marquardt optimisation method. The same sized mesh is used to gen-
erate both the synthetic data and the inversion reconstruction. The mesh has 882 nodes

and 1280 linear quadrilateral elements. Both the absorption and scattering regularisation
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Figure 5.18: A two dimensional finite element square mesh for a phantom of size S5cm x

Scm. A void-like ring of thickness 1.0cm is located at a depth of 1.0cm into the domain.

The mesh used for the forward model and inversion model reconstruction has 882 nodes

and 1280 bi-linear quadrilateral elements.

palem™] | g fem™]
Background Medium 0.07 10.0
Ring Region 0.0 0.0

Table 5.7: Optical absorption and scattering coefficients for a square domain of size Scm

x 5cm. The square domain contains a transparent void region in the shape of a ring.

penalty levels (v, and v,0) are initially set to 100 and are annealed downwards by a factor

of 1.5 after each Levenberg-Marquardt iteration. The step length damping coefficient, A,

is initially set to 0.1. As an initial guess, a homogeneous medium was chosen with optical

properties equal to those of the background medium. In other words i, = 0.07cm and

1, = 10.0cm.

Figures 5.19 and 5.20 compare the absorption (top set of images) and scattering (bot-

tom set of images) reconstruction results, for the problem geometry described in figure
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Figure 5.19: The absorption (top set of images) and scattering (bottom set of images) re-
construction results after (from left to right) 1 iteration, 10 iterations and 50 iterations re-
spectively, for the problem geometry described in figure 5.18 and table 5.7. A P; angular
approximation was used to perform the inversion calculations together with a Levenberg-

Marquardt optimisation scheme.

5.18 and table 5.7, after (from left to right) 1 iteration, 10 iterations and 50 iterations
respectively. Figure 5.19 illustrates a P5 angular approximation result, while figure 5.20
illustrates a P; angular approximation result. Both figures 5.19 and 5.20 provide visual
evidence that during the respective scattering reconstructions, the algorithm finds the cor-
rect location and approximate thickness of the transparent ring. However, both the P; and
P;5 angular approximations fail to reconstruct the absorption coefficient material structure.

Instead of reconstructing a ring-like region, a large square shaped void is reconstructed.

Figure 5.21 compares the absorption (top set of images) and scattering (bottom set of
images) reconstruction results after (from left to right) 1 iteration, 10 iterations and 50
iterations for a P; angular expansion. The P; angular approximation fails to reconstruct
both the scattering and absorption material structure. According to the P; images de-

scribed in figure 5.21 the ring-like structure described in the original problem geometry
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Figure 5.20: The absorption (top set of images) and scattering (bottom set of images) re-
construction results after (from left to right) 1 iteration, 10 iterations and 50 iterations re-
spectively, for the problem geometry described in figure 5.18 and table 5.7. A P5 angular
approximation was used to perform the inversion calculations together with a Levenberg-

Marquardt optimisation scheme.

(figure 5.18) does not exist. Instead a large void is reconstructed, which only resembles
a square structure for the scattering reconstruction. The results confirm that for steady
state, void-like configurations, in which diffusion theory is not valid, full transport theory

is necessary to reconstruct an objects material structure.

The relative magnitudes of the absorption and scattering coefficients are approximated
fairly accurately although they are never absolutely resolved. The P; angular expansion
approximates the magnitude of the absorption coefficient, i, to extend from 0.182cm ™!
to approximately 0.019cm ™!, while the magnitude of the scattering coefficient extends
from approximately 8.41cm~! to approximately 0.213cm~!. The P; angular expansion
approximates the magnitude of the absorption coefficient, i, to extend from 0.102cm ™!
to approximately 0.013 cm~!, while the magnitude of the scattering coefficient extends

from approximately 10.0cm~" to approximately 0.278cm~!. Finally, the Ps angular ex-
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Figure 5.21: The absorption (top set of images) and scattering (bottom set of images) re-
construction results after (from left to right) 1 iteration, 10 iterations and 50 iterations re-
spectively, for the problem geometry described in figure 5.18 and table 5.7. A P, angular
approximation was used to perform the inversion calculations together with a Levenberg-

Marquardt optimisation scheme.

pansion approximates the magnitude of the absorption coefficient, j,, to extend from

0.099cm™! to approximately 0.012 cm™*

, while the magnitude of the scattering coeffi-
cient extends from approximately 10.0cm~ to approximately 0.30cm~!. For each of the
angular approximations (P, P5 and F;), the magnitudes of both the scattering and ab-
sorption coefficients of the inhomogeneous ring indicate that a void is present but are
overestimated. The P result also provides a significantly improved reconstruction of the
internal scattering region when compared to the P53 angular approximation results. Dur-
ing P; and Ps5 angular approximations artefacts exist for both scattering and absorption
reconstructions (e.g. the sixteen scattering coefficient peaks that have scattering coeffi-

cient extending up to 35.0cm L.

During the P, and P35, and Ps5 angular approximations the error functional is reduced

by more than three orders of magnitude. The P, angular expansion reduces the error
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Figure 5.22: Absorption coefficient (left hand graphs) and scattering coefficient (right

hand graphs) as a function of distance along the x-axis for the Ps, P; and P; angular

approximations described in figures 5.19, 5.20 and 5.21 after 1 iteration (top graph), 10

iterations (middle graph) and 50 iterations (bottom graph) respectively. The dotted line

represents the exact solution.
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functional from F' = 37273 to F' = 33.07. The P3 angular approximation reduces the
error functional from F' = 33843 to F' = 25.97 and the P5 angular approximation reduces

the error functional from F' = 32390 to F' = 23.16.

Figure 5.22 depicts a graph of absorption coefficient (left hand side graphs) and scattering
coefficient (right hand side graphs) as a function of distance along the x-axis for the P,
Pj5 and P, angular approximations described in figures 5.19, 5.20, and 5.21 respectively.
A line is drawn through the middle of the y-axis, at co-ordinates (0.0, 2.5), (5.0, 2.5).
The top graphs illustrates absorption coefficient and scattering coefficient as a function
of distance after the first iteration. The middle graph illustrates absorption coefficient
and scattering coefficient as a function of distance after the tenth iteration and the bottom
graph illustrates absorption coefficient and scattering coefficient as a function of distance

after the fiftieth iteration. The dotted line represents the exact solution.

The absorption coefficient reconstructions illustrated in figure 5.22 shows that the void

is largely resolved during the first iteration. After 1 iteration the absorption coefficient

!, while

1

extends from approximately p, = 0.044cm™! to approximately 1, = 0.0lcm™
after 50 iterations the absorption coefficient extends from approximately 1, = 0.lcm™
to approximately j, = 0.0lcm~!. Figure 5.22 illustrates that, even after 50 iterations,
the ring is never reconstructed for absorption material properties for each of the angular
approximations. Like the absorption coefficient reconstruction, during scattering coef-
ficient reconstructions the void is largely established after the first iteration. However,
further structure is reconstructed between iterations 1 and 10. After the tenth iteration
the ring-like structure emerges for both P; and P;5 angular approximations and is illus-
trated in figure 5.22 as a peak that extends between a distance of x = 2cm and x = 3cm.
The presence of the ring structure is confirmed in the spatial reconstruction illustrated
in figures 5.19, and 5.20. After 50 iterations the ring is fully reconstructed and has the
correct approximate thickness and scattering coefficient magnitude. Two of the sixteen
image artefacts are also reconstructed during scattering reconstructions. The peaks have

scattering coefficients extending to approximately s, = 21cm ™1,
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5.7 Conclusion

A main contribution of this chapter is the development of a differentiable discretisation of
the Boltzmann transport equation. This discretisation has been designed specifically for
inverse problems and accounts for both optically thick (diffusive) and transparent media.

Another contribution is the overall inversion method that has been outlined above.

Four synthetic problems are used to demonstrate the simultaneous reconstruction of ab-
sorption and scattering material properties inside a host medium. While, the phantom
problems are simple it is hoped that the inversion method will eventually be applied to
real life medical imaging scenarios. The examples illustrate the need to use full transport
theory when considering void regions. The examples also illustrate the need to consider
regularisation matrices when dealing with ill-posed inversion problems. Furthermore,
the importance of treating the regularisation terms implicitly has also been demonstrated.
This was achieved by comparing the performance of the Levenberg-Marquardt method,
with a non-linear conjugate gradient method. The latter method performed poorly because
of the explicit treatment of regularisation. Relaxing the magnitude of the regularisation
penalty levels from large to small values during the inversion resulted in the most accurate
inversion results. The necessary efficiency for the computationally intensive problems de-
scribed has been achieved with appropriate preconditioning and adaptive control of the

diagonal dominance of the least squares problem.
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The following chapter focuses on the transport of photons during medical optical tomog-
raphy. The transport of near infrared optical radiation is described by the one-speed,
time-dependent Boltzmann transport equation. A Streamline Upwinded Petrov-Galerkin
(SUPG) method is used to spatially discretise the Boltzmann transport equation and spher-
ical harmonic basis functions are used to represent the angle of photon travel. SUPG
methods are accurate and robust across all radiation transport regimes from optically thick
to thin media and form a robust coupling between time and space dimensions. A space-
time approach to the discretisation has been adopted using a Discontinuous Galerkin (DG)
method for the time domain discretisation. The inversion capabilities are demonstrated

using time dependent information.

6.1 Introduction

As well as providing a forward model that utilises full radiation transport theory, intro-
ducing time dependent information into the imaging domain can also improve forward
model accuracy [50, 51]. The only way to guarantee an accurate calculation of the num-
ber of photons observed at a series of detectors is to resolve the forward model’s transient
signal [55, 56, 57]. However, in many areas of optical imaging, scattering dominant light
transport often makes it difficult or even impossible to observe an accurate temporal sig-
nal. Factors that reduce signal quality include, noise, the small size of the time window
in which photons are observed, and the relatively small number of photons observed at

the detectors (e.g. when imaging the neonatal brain). The time-dependent signal is often
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resolved using either a transform (.e.g. Laplace transform) or a truncated Fourier series
expansion (in time) [57]. For time marching methods this often requires complex check
pointing algorithms [171] or a large amount of computer memory. Furthermore, although
Fourier series expansions have exponential convergence properties in the time domain,
Fourier analysis requires the time domain to be periodic. Fourier series expansions also
suffer heavily from Gibbs oscillations that result from abruptly changing time signals.
The resulting linear equations tend to be poorly conditioned, thus reducing the effective-
ness of the iterative linear solution of the forward and adjoint problems. Many groups
choose to simplify the inversion algorithm by mapping the governing equations into the
frequency domain [172]. This results in a discretisation of the decoupled equations for

each frequency argument and is achieved using a Fourier series expansion.

A Streamline Upwinded Petrov-Galerkin (SUPG) technique [58, 59, 60, 61, 62] is used
to discretise the Boltzmann transport equation in space and time. Angular discretisation
is achieved using spherical harmonics. SUPG methods are accurate and robust across all
radiation transport regimes from optically thick to thin media and form a robust coupling
between the time and space dimensions. The SUPG approach already works for imaging
with steady state signals (chapter 5) and has been specifically formulated for use with
inverse problems. For inversion regimes, the SUPG method is designed to yield a set of
discrete equations that can be differentiated with respect to an objects material properties.
This allows gradients to be formed as part of the inversion procedure. The SUPG time
stepping method has the ability to use large time steps while still capturing the essential
features of the time dependent signals. The approach uses a Discontinuous Galerkin (DG)
discretisation of the time domain. For each of the model geometries considered in this
thesis, the photon velocity is set arbitrarily to 1 and a time step of At = 5 is used. The
discretisation is second order accurate at the end of each time level, and third order at the
beginning of each time level. Another desirable property of the chosen time discretisation
is its ability to accurately resolve low frequencies while filtering out unresolved higher

frequencies.

Scattering dominant light transport [63, 64, 65] is a limiting factor in the development
of optical tomography. The progressive influence of scattering with distance makes the

scattering problem complex and non-linear. Iterative inversion methods are therefore
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considered to evaluate what optical properties would have created the original signal
[3, 4, 26, 35, 40, 41, 42, 68, 69, 70]. A multi-dimensional inversion scheme has been
developed to describe the transport of photons during near infrared optical tomography.
The technique enables the reconstruction of optical property distribution in two and three
dimensions for arbitrary model geometries and for arbitrary source and detector positions
along the boundary of the domain. The inversion problem is formulated as a functional
optimisation [41, 69, 74, 75, 76] that utilises an error functional containing a data misfit
term and model covariance terms. The model covariance data measures both the smooth-
ness of the model and any deviation from the starting model. The discretised form of
the functional is minimised using a gradient based, second order Levenberg-Marquardt
technique. Both the source problem for the angular flux and the least squares (inverse)
problem are solved using an iterative (linear) preconditioned conjugate gradient solver in
order to bypass the explicit computation of the Jacobian and Hessian matrices required for
Levenberg-Marquardt iterations. Model covariance regularisation is initially exploited to
provide uniform model updates before being intermittently annealed downwards so that
structure emerges during later iterations. Iterations are performed until the predicted data
agrees with the detector readings. The final distribution of optical properties is then dis-

played as an image.

The main contribution of this chapter is the development of a time dependent inversion
scheme. A series of applications have been considered to demonstrate the enhanced imag-
ing achievable using the time dependent form of the Boltzmann transport equation. The
chapter is organised as follows. Section 6.2 describes the equations used to model time-
dependent radiation transport alongside their finite element discretisation. Section 6.3
defines the error functional used in the inversion of non-linear ill-posed problems. The
functional has terms representing data misfit and model covariance with a view of penal-
ising both structure and deviation from the starting model. The optimisation of the error
functional by means of a modified Levenberg-Marquardt method and a description of how
calculations involving Jacobian and approximate Hessian matrices are approached is de-
scribed in section 6.4, while the numerical applications described in section 6.5 demon-
strate the feasibility of the proposed method. Finally, our findings are summarised in

section 6.6.
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6.2 Governing Equations

For optical tomography applications the time dependent, one-speed Boltzmann transport
equation is used to describe the angular flux, ¢ (r, Q,t), that results from an external
source of photons, s(r, €2, t), incident on a host medium. The time dependent Boltzmann

transport equation for mono-energetic photons is written:

10¢(r, 2,1)

. o + Q- ViY(r,Q,t) + H(r, Q,t) = s(r, Q, 1), (6.1)

where r is the position vector r = (z, y, z) of a particle or photon moving along direction,
Q = (0,w), at time, t. The system has characteristic velocity, v. 1 (r, €2, t) represents
the particle angular flux and s(r, €2, ¢) represents an external source term. The scatter-

ing/removal operator, H is defined:

Hw(nﬂ’t)=(ua(r)+us(r))¢(r7ﬂ7t)—/Qus(n Q= Q)(r, 2, 1)d,  (6.2)

where /1, (r) and (1) represent position dependent absorption and scattering coefficients
respectively, and p(r, Q - Q0 represents the differential macroscopic cross-section.
Boundary conditions must be defined for a given problem. Each of the models presented

in this report have vacuum boundary conditions [34]:

P(rs,Q2,t) =0, when n-Q <0, (6.3)

in which, n represents the normal to the boundary. In other words, any photon that escapes
through the bounding surface is not able to re-enter the medium through another part of

the surface.
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6.2.1 Finite Element Approximation of the Forward Model

In order to solve equation 6.1 numerically the source term is subtracted from both sides
of equation 6.1 and the subsequent expression is discretised in angle and space. Angu-
lar discretisation is achieved using the Petrov-Galerkin method [58, 59, 119, 120]. The
Petrov-Galerkin method is applied by multiplying the entire expression by a series of
angularly dependent finite element weight functions, M ,(£2), and integrating the subse-
quent expression over the solution domain. Additionally a finite element approximation
W (r,t), replaces the continuous angular flux, ¢)(r, €2, ¢) and a finite element approxima-
tion, S(r, ), is also used to approximate the source function, s(r,Q,¢) . The system of

equations become:

/ M,( F(Mraﬂ P |0 e, 0.1) + Mol 2.0) — (e, 2.1) | a2 = 0.
6.4)

The approximation W(r,¢) for the angular flux, ¢ (r, Q,t), is described using the finite

element basis function, M, (92):

Y(r, Q1) & Y M, (Q)T,(r, 1), (6.5)

where W(r,t) = (Uy(r,t) Uo(r,t) ... Upq(r,t))T represents a vector of M angular mo-
ments and M, (£2) represents the M angular basis functions. The approximation, S(r, t),
for the source function s(r, €2, ¢), is also expanded using a discrete series of finite element

basis functions:

s(r, Q1) = Y " M, (R2)S,(r, ), (6.6)

where S(r,t) = (S;(r,t) Sa(r,t) ... Sp(r,t))T. Scattering collisions are often assumed
to have rotational symmetry. The differential scattering coefficient, y4(r, Q - Q), there-

fore depends on the change in particle direction, 1. Consequently, p(r, 110) may be
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expanded as a series of orthogonal Legendre Polynomials [112]. Following expansion,
Legendre addition theorem [112] is used to expand each orthogonal Legendre polynomial
as a series of directionally dependent spherical harmonics [32, 34, 59, 112, 109]. The an-
gular discretisation of the scattering/removal operator, H, thus yields the diagonal matrix

(for spherical harmonics):

Hulr) = [ (1) + (o) M) ()0

L L l
- [Z usz(r)a;mai,l,o + 2 Z f1s1(T) Z Wy 1m @ im + O‘Z,l,mazsahm} ’
1=0

=1 m=1

(6.7)

The scattering moments, p14(r) have been truncated to order L. The coefficients o, ,

and o®, are each defined:

p,l,m

i = [ MRV (@R a3 = [ M@V (@0 69
Q Q

Furthermore, Y, (€2), and Y}’ (£2) represent the real and complex parts of the spherical

harmonic function, Y, ,,,(€2). If P, ,, (1) denotes associated Legendre polynomials:

YC

lm

20+ 1)(l —m)!
(Q) = \/ T+ m) P (i) cos(mw), 0<m <,

Yim(€2) =
YS

lm

20+ 1)(I —m)!
Q) = \/( j(Ll jz(m)'m) P (i) sin(mw), 0<m <I.
The final form of the angularly discretised Boltzmann transport equation is a multi-
dimensional differential difference equation representing a symmetric, hyperbolic cou-

pled system:



6.2 Governing Equations 162

OU(r,t) W(r1)

6\Il(r,t)+ O (r,1t)
v ot * Ox

Ay dy 0z

+H(r)¥(r,t) —S(r,t) =
(6.9)

The three M x M angular Jacobian matrices, Ay, Ay, A, and the M x M angular mass

matrix, A; are each defined:

A, = / M,( Q)dQ =1, A, — / M, ()% M,(R)d2,  (6.10)

where A is the vector of angular Jacobian matrices A, = (A, A, A)Tand k = 2,v, 2.
The incremental solid angle d€2 = dwdu. The co-ordinate, j is the co-latitude from
the z-axis and w represents the azimuthal angle. If x, y and z are orthogonal spatial co-
ordinates, the directional cosines of {2 with respect to x, y and z are defined in terms
of Q,, Q,, and Qz, in which 0, = cos(f) = p; Q, = (1 — %)z cos(w); and Q, =
(1 — p2)2 sin(w).

A Streamline Upwind Petrov-Galerkin (SUPG) formulation [58, 59] is used to spatially
and temporally discretise the time-dependent Boltzmann transport equation. Prior to dis-
cretisation, the angularly discretised Boltzmann transport equation is pre-multiplied by a

space-time SUPG term to yield:

(1— A, - V.P) (i% A-V\Il(r,t)+H(r)\I’(r,t)—S(r,t)) ~0, ©.11)

1
where P represents a stabilisation matrix, A = (A, A, A,)", A,; = (-I A)?, and
v

0
Vit = (Ia

harmonics that determines the amount of weighting assigned to a given finite element

V)T. H(r) = H. The stabilisation matrix is a diagonal matrix of spherical

discretisation. A matrix operator, g(hApg,, ), is used to simplify the description of stabil-
isation matrices. A new stabilisation matrix P is defined that is differentiable for inverse

problems. The scattering/removal operator, H, represents a positive, semi-definite matrix
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of non-negative eigenvalues and is defined in terms of a matrix of right eigenvectors, Ry,
a matrix of left eigenvectors, R};' and a corresponding diagonal matrix of eigenvalues of
Ap. In other words, H = Ry A HR;II. When using spherical harmonic basis functions,
H is a diagonal matrix and therefore Ry is the identity matrix. The matrix of modified

eigenvalues is defined as:

Ay ) if p=uv
G, (Ax) — 9(Am,,) if p=v; 6.12)

0 otherwise,

e~0-3ThAm,., - The stabilisation matrix is subsequently defined as

in which, g(Ap,,) =
P = hRyG(Ag)RE', in which h is the spatially varying characteristic element size.
The stabilisation matrix, provides an appropriate amount of dissipation and therefore rep-
resents an optimal method to use in both optically thick and optically thin media. If the
second set of brackets on the left hand side of equation 6.11 is defined as the residual.

Equation 6.11 is recast:

(I- Ay, - V. P)Z(W(r, 1)) = 0. (6.13)

The spatial and temporal dependence of the angularly discretised flux, source and scatter-

ing/removal term are discretised in space and time using a finite element approximation:

T M N

P(r,t) ~ W(r,t) = Y > Ni(r,)®] = Ni(r,1)¥,
r=1 j=1 k=1
T Ns N

s(r,t) = S(r,t) = > Y NL(r,)S] =) Ni(r,1)S;,
r=1 j=1 k=1

Nu
Hir) ~H@r) = > Ny mH,

in which N = Ny(r,t) is the amalgamation of all basis functions that are discontin-

uous in time, N]T-(r, t). T represents the time level, and 7, represents the total number
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of time levels. N7(r,?), N (r,¢), and Ny, (r) are each (M x M) diagonal matrices
containing finite element basis functions associated with the angular flux, sources and
scattering/removal terms respectively. In this work N7 (r, ) and N7 (r,?) have a bi-linear
representation in two dimensional space and a discontinuous finite element variation in
time. NV;, N, and N} represent the number of space-time finite element basis functions
associated with the angular flux, sources and materials (in our examples N; = N, = 2Ny
and NV = TN;) and NV represents the total number of basis functions over all time steps
associated with the angular flux and source terms. \IIJT and SJT- are vectors, of size M,
containing the moments of the angularly discretised flux and source for time level, 7. H;
is a matrix containing the scattering/removal terms at node j. A Petrov-Galerkin method
is used to reduce the single Boltzmann transport equation into a series of unknowns.
Equation 6.11 is multiplied by a further matrix of finite element basis functions, N7 (r, ¢),
before the expression is integrated over the space time slab, V' x AT7. Furthermore,
Green’s theorem [59] is used to convert the volume integrals representing the angularly
discretised streaming terms into surface terms. This results in the expression for time

step, 7:

AT JV
+ / / N7 (r,t) (H(r)®(r,t) — S(r,t)) dVdt
ATT JV
1
+ / / (A - VN (r,t)) PZdVdt +/ / N7 (r,t) (—I nt) W(r,t)dVdl}
ATT JV 7 Jv v
1
— / / N7 (r,t) <—I nt) PZ#dVdl'] + / N(r,t) (A -n)¥(r,t)dl,dt
ryJv v ATT JTy
— / N7 (r,t) (A -n)PZdl'.dt =0, (6.14)
ATT JT,

in which AT represents the time domain of the time level 7 and, '], its boundary. n =
(nI n,I n,I nJd)T is the normal to the boundary, (T, U I'7), of the solution domain,

V x AT7. All terms using & and integrated on the boundary of the space-time domain are
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assumed zero and contribute to the boundary conditions of the method. n; is the normal
component to the time boundary, I'], of the time domain AT™ and I is an (M x M)

identity matrix. The finite element basis function N7 (r, ¢) represents a diagonal matrix:

Ny (r,t) = ' Z' ' , (6.15)

0 . . 0 N(r,t)

where i = (1,2,....,}), and N7,(r,t) = Nj(r,t). The matrix Ny, = Ny, (r) is simi-
larly defined but has no time dependence and therefore just contains spatial finite element
basis functions (which are two dimensional in the examples). A full description of the
spatial and temporal discretisation of the Boltzmann transport equation using Stream-
line Upwinded Petrov-Galerkin methods is described in [59, 61, 129]. [59, 61, 129] also
describes how estimations of the angular flux at cell faces and domain boundaries are
determined through a method of mapping the angular moments to Riemann variables
[58, 61, 62, 129]. Following discretisation, the direct problem is defined according to the

matrix equation:

EW¥, = b,. (6.16)

A total of S source problems must be solved. Each source problem results in a solution
vector for the angular flux ¥, = (Bg 1, U1, ... U, aaq)?, in which s = (1,2,...,8).
By solving the discrete linear system described in equation 6.16, a solution for the an-
gular flux at all points along the finite element mesh is found. The GMRES iterative
colver is used to solve the discrete linear system [164]. The GMRES solver incorpo-
rates block forward and backward Gauss Siedel preconditioning and, for a large number
of angular moments, an angular multigrid preconditioner. Each block is an M x M

submatrix associated with each node of the finite element mesh. Matrix E depends
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on the discretisation method that is used and has a block sparse structure and vector,

by = (bs11bs12... bs sar)?, represents discretised source contributions.

6.2.2 The Finite Element Time Discretisation

The advection term in equation 6.14 was integrated using Green’s theorem. This ensures
that the method is conservative even when reduced or inexact quadrature is used. Incom-

ing boundary conditions, ¥;,(r,t), on ¥(r,¢) are thus applied on the surface integral:

/A o f Nim O (A-n) ¥ Hdld = /A . /F N7(r,t) (A - n) ¥y, (r, t)dl,

Tin

w [ N e

Tout

(6.17)

in which I, represents the incoming flux boundary and I' represents the outgoing

flux boundary. The boundary conditions associated with the incoming and outgoing flux
are approximated using a Riemann approach [58, 61, 62, 129]. The incoming flux is a
specified incoming boundary condition and the outgoing flux is taken from the solution
internal to the domain, but on the domain boundary, I',.. The global matrix, E, described

in equation 6.16, has the structure:

Qu O ) ) 0
Uy Qxp O
0 U . 0
E— 32 Qa3 7 (6.18)
0
O . 0 UT 7—1 QTT

in which, the term Q. is defined:
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Q- = — / / (Ags - VauuNj (v, 1)) N7 (v, t)dV dt
arT Jv
+ / / N7 (r,t)H(r)N (r, t)dV dt
arT Jv
arT Jv
1
+ / / NI (r,t) (—I nt) N7 (r,t)dVdly
ry L Jv v
+ / N7 (r,?) (A -n)Ni(r,t)dldt. (6.19)
AT JT,

U, ,_ is independent of the material properties and therefore does not need to be differ-

entiated. U.. ._; is defined:

1
UT 1= / / N:(r,t) (;I nt) N;(r,t) dVv dFtT fO’f’ ny < 0, (620)
F{m \%

The last surface term involving & in equation 6.14 is assumed to be equal to zero. That
is, the residual for both the outgoing and incoming flux is assumed to be zero as a natural

boundary condition:

/ N7(r,t) (A -n)P Z dl,dt = 0. (6.21)
ATT JT,

and similarly on the time boundary:

/ / N7(r,t) (A -n)P Z dVdl] = 0. (6.22)
r7 Jv

This enhances the stabilisation of the time discretisation. For each of the model geome-

tries considered in this chapter, velocity is set arbitrarily to 1 and a Discontinuous Galerkin
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time step of At = 5 is used. The Discontinuous Galerkin time stepping method has the
ability to use large time steps while still capturing the essential features of the time de-
pendent signals with a high order of accuracy. The accuracy in time is second order, at
the end of a time level, and third order at the beginning of the time level. Another de-
sirable property of the chosen time discretisation is its ability to accurately resolve low

frequencies while filtering out unresolved high frequencies.

6.2.3 The Treatment of Sources and Detectors

In operator form, the forward model describes the angular flux, v, that results from a

source placed in region, r at a boundary location, r:

10
—§+Q-V+H s = Csd(r —15)d(t). (6.23)
v

Equation 6.23 describes a discretised series of S source problems, where s = (1,2, ...., S).

The source is a Dirac-delta function in time, 6(¢), and space, §(r — r,) and is centred at
position r, of the domain r at time ¢. The magnitude of the source strength is given
by Cs. 1, represents the angular flux owing to the source number, s, while the scatter-
ing/removal operator, H, contains the spatially varying material properties. Each source
problem yields an angular flux solution at all points in the solution domain. If the source
position is located at a node then the source strength and angular flux are equal to the finite

element basis function centred on that node multiplied by a scalar (to scale the strength):

b,, = / / N;(r, )S,dVdt, (6.24)
TJV

in which, T = (V x ATV x AT? ...V x ATT)T represents the time domain of interest
and N; = N(r,t) is the amalgamation of all Discontinuous Galerkin basis functions
N7(r,t). Ss is a finite element approximation of the source. If the source is located
inside an element it must be distributed to the nearest node associated with that element

and possibly nodes associated with neighbouring elements. A Gaussian function may be
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used to interpolate photons from a source on to adjacent nodes. Thus, for the i*" nodal

position, x;, and the s source at position r,, S,; is defined at each node according to:

U(t), (6.25)

where U(t) = 1if ¢t < At and is 0 otherwise. At represents the width of the time element
and ¢ = 0 at the start of the time domain. The source has been chosen to approximate
a delta function in time. In other words the source is switched on only during the first
Discontinuous Galerkin time step. Only the first moment source vectors are set to a
non-zero value as this corresponds to an isotropic source when spherical harmonic basis
functions are used. The angular flux received at a detector location is also calculated
using a Gaussian function to interpolate the flux from any adjacent nodes on the surface
of the detector. Detectors are distributed to the nearest nodes in a similar way as sources

are distributed (i.e. according to equations 6.24, and 6.25).

6.3 TheFunctional

The functional that is optimised to find a solution to the inverse problem is given by:

F=F+F +F,. (6.26)

In which, F}; represents the data misfit between observed measurements and predicted
data and F). and F), represent regularisation terms that encourage certain types of model.
The model covariance information contained in the regularisation term applies smooth-

ness and anisotropy constraints affecting a homogeneous isotropic model.
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6.3.1 The Data Misfit

The error functional is a quantification of the data misfit between model predictions and
measured data:

R T M N ,

Fa=52.2 2.0 2 Wii(Varpi=dic,) . (627)

s=1 r=1 7=1 p=1 i=1

N —

Equation 6.27 represents the weighted sum of the squared differences between observed
data, dy . ,, and data predicted from a given material property distribution, Vs ; , ;, for
all S sources and R detectors. The summation is also performed over each node, ¢ =
(1,2, ..., N), for each time step, 7 = (1,2, ..., 7) and for each degree of freedom, y =
(1,2,..., M). The weighting factor, W, distributes both the sources and detectors to
the nearest nodes using a Gaussian approximation. For the i’* node at position x;, the
rth detector at position, r”, and the s source experiment, the weighting contribution is

defined:

2
s lr

wl (x; — ")
Wr, = —Seqp |—t—s)l | (6.28)
n’l”

Where [, is the length over which the interpolation is performed and n, is a normalisation
coefficient. Equation 6.28 provides a mechanism for gathering the flux from local nodes
when the detector is placed between nodes. If the size of the Gaussian width, [,., is small
compared to the element size then equation 6.28 assumes that the detector is re-positioned
at the nearest node. In all examples in this thesis the detector positions are centred on
nodes and /. is small relative to the neighbouring element sizes. Thus the use of equation
6.28 takes the flux at the node in question and compares it with the idea detector response
in equation 6.27. Therefore, W* = w? /n’. for a single node & = j (j is the node at which
the detector is placed) otherwise, W * = (0. The weighting function typically has three
contributions. In the first two contributions w? is used to weight the datum associated
with each source-detector pair according to 1) the confidence in the datum and 2) for

preferential weighting of datum. When using w?, for preferential weighting, large weights

T
s 1

are typically assigned to small data-values. The final contribution in the weight,



6.3 The Functional 171

arises from the way in which the detectors are treated. The detectors are distributed to
the nearest node using a Gaussian distribution in the same way as sources are distributed.

The weight function, w?, is defined:

0 Z.f ((mr - xs)z + (yr - ys)2 + (Zr - 23)2) < '%2;

s ( d 2
et otherwise
ledmams + ¢2drmaxs) ’

S
Il

where k2 = (Is + lr)2 and [/, and [, represent the length over which the interpolation is
performed. zg, x,,ys, y,, 2s and z, represent the x,y and z position coordinates for the
sources and detectors respectively. ¢; and ¢, are carefully chosen scalar constants that
are used to adjust weights so that data at detectors with relatively small scalar fluxes can
be given higher priority. x is chosen to avoid putting excessive emphasis on short range
inversion information obtained by placing sources and detectors close to one another.
dpnaz, 18 associated with the maximum value of the observed scalar flux for all detectors

and for all time:

Amaz, = max {d},,, }, (6.29)

and d,,, is the maximum value of the observed scalar flux at detector, 1, for source
experiment, s, over all time. One of the strengths of the algorithm presented is the inde-
pendence of the source and detector locations and the finite element mesh employed. In

matrix form, the functional in equation 6.27 is defined:

A

1 ~
Fy= 5(\I: —d)"W (¥ —d), (6.30)
in which, &' = (@7 @7 ... oL ... @’ @' ... ¥l andd’ =
@’ a® ... ay’, .. daf" aF" ... dE"). Both the predicted data, ¥,

and the observed data, d?, vectors are the same length as the number of nodes. The data

covariance matrix W ! is diagonal and contains the preferential weighting, w”.
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6.3.2 Model Covariance - Spatial Regularisation

The regularisation term defined in equation 6.26 can be used to constrain the inversion

model and guide the search process in a specific direction. F;. is re-defined:

1 1 1
F. = —%/ Vimek Vmg, dV + —730/ Vimgk Vmg dV = —m?’Km, (6.31)

2 v 2 v 2
in which, K is represents a diffusion tensor and, in this work, is assumed to be isotropic
and equal to one. 7, and v control the level of model covariance imposed for absorption
)T

and scattering contributions respectively. m, = (Mg Ma2 ... Mapr, )" represents the

discretised absorption material properties where -assuming m,, is the nodal value of a-

Ma, = In(fta,). Mg = (Mg01 Moz ... Mson;, )’ Tepresents the discretised scattering
material properties in which mg, = In(us,). m, and my, are defined collectively in
terms of m” = (m! m)), and are approximated using a set of finite element basis

functions, Ny, such that:

NH NH
Mg = Z NHjmaja mso = Z NHjmst- (632)
j=1 =1

Material properties are considered as opposed to material cross-sections because the re-
sulting contributions to the error functional are quadratic. The error functional is there-
fore easily optimised using standard least squares techniques and results in uniform ma-
terial properties. In addition, material cross-sections, sometimes vary by several orders
of magnitude, which is undesirable when considering model regularisation. Structure is

penalised using a symmetric, positive-definite matrix, K:

o [, V Ny k VNg dV 0
K= | Ju VN k¥ N . (6.33)

0 Vs0 fV VNHZ k VNH] dVv

In which K represents a diffusion matrix and is defficient in rank by 1. Therefore, K is

not invertible and a singular value would have to be set in order to make to make K non-
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singular. % is a positive semi-definite 3 x 3 matrix. The applied regularisation can vary
from node to node by making & a function of space. k defines a scalar product, making the
integrand positive throughout the domain and therefore F). positive. For medical imaging
applications inhomogeneous smoothing is required, therefore each of the elements con-
tained inside matrix K should be defined as a function of position. Large initial values of
Ya O Y50 affect a smooth, homogeneous model allowing large scale structures to emerge
during early iterations, while during later iterations, structurally complex models emerge

as, 7y, and 0, are relaxed.

6.3.3 Model Covariance - Step Length Damping

The penalty deviation associated with an updated model relative to the starting model is
achieved by replacing the absorption material property, m,, with Am, = m, —m,,_

and the scattering material property, m,, with Amy, = my, — my , :

obs *

1 1
P, = L / (110 — 1110,y )2dV + A / (10 — iy, )2dV
2 v obs 2 v obs

Q

1 1
§AmaTVMHLAma + 5AmZOVMHLAmso, (6.34)

in which Am, = (Amg; Amgg ... Amgp, )T and Amy = (Amger Amgos ... Amgon, )t
represent the change in the absorption and scattering material properties. The absorption
and scattering material properties associated with the previous least squares iteration are
givenby mq,,, = (a1 Magy2 - Magy ) AN Mg,y = (M50,,,1 Mis0,5,2 -+ Ms0,, N7 )
respectively. The diagonal lumped mass matrix, My, is My, = fv Npy,dV, where the
scalar A\ controls the magnitude of the step length damping. Matrix, V;; = Aif ¢ = j and

1s 0 otherwise.
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6.4 Least Squaresinversion

The adjoint form of equation 6.16 is defined:

oF
E'w; = 6.35
S a\IIS ) ( )
where, O = (PI,, ¥, ,.. P!, )7 represents the vector of the (adjoint) control

variables and F represents the error functional defined in equation 6.26. Equation 6.35
describes a series of S source problems, where s = (1,2, .....,S). The differential term
on the right hand side of equation 6.35 represents a time-varying data residual, which is
used as a source term for subsequent adjoint calculations. Implementing ET results in a
backward stepping, inverse solution in both spatial and time coordinates. Using a least
squares, Levenberg-Marquardt method with step length damping the following equation

is solved for the solution minimum:

(JTWJI + K + MMy, )Am = —J"WT (¥ (myy) — d) — Kmgy,. (6.36)

In which, the model update Am = m,,.,, — m,y. The terms on the right hand side of
equation 6.36 represent the gradient vector (JTWT (W (m,q) — d) — Km,y), while the
terms on the left hand side represent a modified, approximate Hessian matrix (JTW.J +
K + AMpy;, ) The matrix equation is solved using a Preconditioned Conjugate Gradient
(PCG) technique, in which the matrix, JYWJ + K +\M i, » 1s not explicitly formed. The
PCG solver requires the formation of a preconditioning matrix, B. The preconditioner
is usually defined in such a way that the system, BAm = a, amounts to a simplified
version of the original system, BAm = a (defined in equation 5.43). The preconditioner,
B, therefore represents an approximation to the approximate Hessian matrix, B and is
defined:

B =K+ \My,. (6.37)

A~

The preconditioner, B, is a non-singular, positive definite matrix containing structural
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constraints and step length damping terms, thus enabling model covariance to be rigor-
ously enforced during each PCG iteration. The step length damping coefficient, A, con-
trols the magnitude of the model update, Am, and is adjusted according to the following
heuristics: 1) A is increased by a factor of 10 if either the PCG method is not converg-
ing well or the updated model is worse than the previous model 2) If using a larger step
length damping coefficient does not decrease the functional, F', the previous step length
damping coefficient is used. 3) If PCG solution of equation 6.36 is converging well and
the new functional is less than the old functional, then )\ is reduced by a factor of 10. If
A is chosen to be large then Am stays small. The magnitude of the spatial regularisation,
v, influences the relative importance of the structure penalty to the error functional. 7 is
reduced according to, v; = v7,_1, where [ is the iteration level. The relaxation factor v is
typically set to 0.5. Large values of ~y are initially chosen to affect a smooth model and

are gradually annealed downwards so that complex structures emerge in later iterations.

6.4.1 Calculations Involving the Jacobian and Hessian Matrices

Both the Jacobian matrix, J, and the approximate Hessian matrix, J'WJ, are never
explicitly computed or stored. Only the matrix-vector multiplication using these two

matrices is required. The Jacobian matrix, J, illustrated in equation 6.36 is given by:

Ji

J2
J=1"1 . |, (6.38)

Js

in which S represents the total number of sources and Z7 = (I, I, ..., Is). Each I,
for s = (1,2, ...,S) represents an identity matrix of order Ny x Ny. Each J, contains
the change in the angular flux at a given node caused by a perturbation in the material
properties at another node for every source experiment, s. The Jacobian, 7, of the s-

source experiment is approximated according to:
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J.=E'L,, (6.39)

in which, Ly = (Lo, L - Loy, Lo Lo - Lo,y ). Matrix E describes the direct
problem in equation 6.16. The ;' column vector, associated with absorption material

properties, 1, is defined as:

(6.40)

Qs

_ Opg, ( OE 8bs)

— U,
Omyg, \ O, Ofla,

The j** column vector, associated with scattering material properties, lyo,, s defined as:

a,us(). OE 8bs
Lo, = = v, — . 6.41
OSJ a,'TLSOJ' (alus()j aILLSO]' ) ( )

Both an absorption coefficient and a scattering coefficient are defined for each cell. The

partial derivatives of the scattering and absorption coefficients with respect to material

Olha,
property control variables, m,; and mg, have been defined a'uaj = exp(maj) and
M,
aluso]' . . e e e
I exp(ms,) respectively, which are exact for each node and ensures positivity.
s0;

Furthermore the scattering/removal operator is a sparse diagonal matrix. The diagonal

terms represent material properties.

Mo + [bso — [hso 0 . . 0
0 ,ua"_,uso_,usl 0
0 a+ s0 7 Ms 0
H— Ha T Hso — Hs2
0
| 0 . . 0 Ha + Hso — Hsm—1

(6.42)

The term contained in brackets in equation 6.40 can be formulated in terms of the gradient

of the absorption material properties:
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OE Oby oH
o, J {0 e A

oP \ [10%,
— (VN - Ay) <6uaj) (; 5 AV HT, - ss) }d\/dt,

(6.43)

and the gradient of the scattering material properties repectively:

OE ob OH
—Wv, - = N, — (VuN,-A,)P)—T,
a,usoj aﬂsoj /T /V {( ’ (Var ’ % )3usoj

oP \ (10,
— (VN - Ay) < (Moj) (; 5 FA V- HE, —ss) }dth,

(6.44)

where S, represent the source for source problem s. The scattering material properties
incorporate both the scattering coefficient, s, and the scattering moments, (. Since
the nodal value for fi,, or s, only manifests itself in E in a small region of the lo-
cal vicinity of node, j, l,,; and ly,, have very few non-zero entries. Manipulations

involving 1, or ly,, are therefore computationally efficient. Matrix-vector multipli-
T

s

T _
(Qal Qag anH QS01 q802 QSONH) and v = (Ual Uag U“NH Usol UsOg USONH)

respectively, in which:

cations involving, L, or its transpose, L:, are demonstrated using the vectors, q =

qu = (Qal lasl + Gas lasg + ) QaNH lfls/\/’H + QS0113051 + 4504 18052 + ) qSONH ]'SOSNH )7
(6.45)

T T
LS VvV = (’Uallasl + UanaSQ —+ ... 5 UGN’H lasNH + U80118051 + 050215052 + ...... s USONH lSOsNH)

(6.46)
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Multiplications involving L and L are required to form the approximate Hessian matrix,
JTWJq. The matrix vector multiplication for an arbitrary vector, q, of length 2\,

becomes:

S
J"WIq=) LIE"W.E 'Lg, (6.47)

s=1

where W, = Zzz:l W/ and the diagonal matrix W has diagonal elements w;. To obtain
vector, JT'W Jq, the solution of two matrix equations involving matrix E are required for

each source problem.

6.5 Numerical Examples

Presented are the simultaneous reconstructions of absorption and scattering coefficients
contained inside a given isotropic medium from measurements taken at the surface of the
domain. Circular and square test objects containing embedded inhomogeneities with dif-
ferent scattering and absorption parameters are utilised as a crude representation of human
tissue or a human organ. The forward (light transport) model used in the reconstruction
of each of the test cases was simulated using the SUPG, finite element representation of
the time dependent Boltzmann transport equation described in the theory. The inversion
calculations utilise an iterative, gradient based reconstruction scheme that repeatedly cal-
culates an update of the solution until an objective function, becomes acceptably small.
The functional is minimised on a structured finite element mesh using a gradient based op-
timisation scheme. Highly resolved meshes are used for both forward and adjoint calcula-
tions to ensure good quality data. For each of the calculations described, a homogeneous
medium with optical properties equal to those of the background medium is provided as
an initial estimate. The various locations of the individual sources and detectors for each

of the subsequent experiments are described in table 6.1.



6.5 Numerical Examples 179

Experiment 1 | Experiments 2 and 4 | Experiment 3
Source/Detector Number X y X y X y
1 -2.5 0.0 | 1.0 0.0 0.0 3.5
2 -1.75 175 | 2.0 0.0 2.5 2.5
3 0.0 25 | 3.0 0.0 3.5 0.0
4 1.75 1.75 | 4.0 0.0 2.5 -2.5
5 2.5 0.0 |5.0 1.0 0.0 -3.5
6 1.75 -1.75 | 5.0 2.0 25 -25
7 0.0 25 150 3.0 -3.5 0.0
8 -1.75  -1.75 | 5.0 4.0 -2.5 2.5
9 4.0 5.0
10 3.0 5.0
11 2.0 5.0
12 1.0 5.0
13 0.0 4.0
14 0.0 3.0
15 0.0 2.0
16 0.0 1.0

Table 6.1: The x co-ordinate and y co-ordinate source and detector locations for each of

the time dependent inversion experiments described in chapter 6.
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R
llllll\:“‘

7
SIS

Figure 6.1: A two dimensional structured finite element circular mesh of diameter Scm.
An absorbing object of diameter 2cm is located at the centre of the domain. The time
dependent problem has 1186 nodes, 1760 bi-linear quadrilateral elements and 5 Discon-

tinuous Galerkin time steps.

6.5.1 Experiment 1

The first simulation geometry depicts a circular domain Scm in diameter containing an
inhomogeneity situated in the centre of the circle that is 2cm in diameter (figure 6.1). The
absorption and scattering coefficients of the medium and the inhomogeneity are contained
in table 6.2. Eight equally spaced isotropic sources and detectors are situated around the
circumference of the medium to obtain the forward model and reconstruction model re-
sults. A P, angular approximation is used to obtain both the time-dependent forward and
inversion model calculations along with a Levenberg-Marquardt optimisation technique.
The same sized mesh is used to generate both the synthetic data and the inversion re-
construction. The mesh used for the two dimensional forward model and inverse model
reconstruction had 1186 nodes, 1760 bi-linear quadrilateral elements and 5 Discontinuous
Galerkin time steps. Both the absorption and scattering regularisation penalty levels (v,
and ) are initially set to 100 and are annealed downwards by a factor of 1.5 after each

Levenberg-Marquardt iteration. The step length damping coefficient, ), is initially set to
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palem™" | pglem™)
Background Medium 0.2 7.0
Inhomogenity 0.1 5.0

Table 6.2: Optical absorption and scattering coefficients for a circle Scm in diameter and

an inhomogeneity placed at the centre of that circle 2cm in diameter.

0.04 I I
L B Number of time steps =5 |/
@—@ Number of time steps = 25
0.03 —
z
T 0.02— _
ks
S ]
%!
0.01 _

20

30

Figure 6.2: Scalar flux versus time for the first source position observed at the third

detector location. The source was placed at co-ordinates (-2.5,0.0) and the detector was

placed at co-ordinates (0.0 2.5). Figure 6.2 illustrates the exact solution response using 5

(solid line) and 25 (dashed line) Discontinuous Galerkin time steps respectively.

0.1. As an initial guess, a homogeneous medium is chosen with optical properties that

equal the background. In other words s, = 0.2cm and zi, = 7.0cm.

Figure 6.2 illustrates scalar flux as a function of time for the first source position at the

third detector location for the problem geometry described in figure 6.1. The source

was placed at position co-ordinates (-2.5, 0.0) and the detector was placed at position
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Time Levels 4 — 5

Figure 6.3: Scalar flux as a function of two dimensional space (x and y) for the exact
solution at time levels 1 (top left hand side graph), 2 (top middle graph), 3 (top right
hand side graph), 4 (bottom left hand side graph), and 5 (bottom right hand side graph).
A P5 angular approximation has been used to obtain each of the above images. The
scalar flux extends up to a maximum magnitude of 125¢m~2s~! during the first time
step, 250cm 257! during the second time step, 125¢m~2s~! during the third time step,

10cm 257! during the fourth time step and 7.5¢m 25~ during the fifth time step.

co-ordinates (0.0, 2.5). A Discontinuous Galerkin time discretisation technique is used to
discretise the time domain. Figure 6.2 depicts the exact solution detector response using 5
(solid line) and 25 (dashed line) Discontinuous Galerkin time steps and illustrates that the
Discontinuous Galerkin method has the ability to use large time steps while still capturing

the essential features of the time dependent signal.

Having justified the ability to use large time steps, a P, angular approximation may be
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Figure 6.4: Scalar flux as a function of two dimensional space (x and y) for the forward
solution (left hand side graph), and the adjoint solution (right hand side graph). A P,

angular approximation is used to obtain each of the above images.

used to perform image reconstructions using 5 Discontinuous Galerkin time steps. Figure
6.3 depicts scalar flux as a function of two dimensional space (x and y) for the exact
solution at time levels 1 (top left hand side graph), 2 (top middle graph), 3 (top right
hand side graph), 4 (bottom left hand side graph), and 5 (bottom right hand side graph)
respectively. The delta function signal starts off as a large, slim peak before propagating
through the medium as time increases. Figure 6.3 shows how the scalar flux disperses

through the medium and how the peak scalar flux decreases as a function of time.

Figure 6.4 illustrates scalar flux as a function of x- and y- spatial co-ordinates for the for-
ward solution (left hand side graph), and the adjoint solution (right hand side graph) for a
single source-detector arrangement. The peak illustrated in the forward solution diagram
indicates the position of the isotropic source (at co-ordinates -2.5, 0.0). The adjoint solu-
tion represents the data misfit between the exact solution and the model prediction. The
adjoint solution illustrates the adjoint flux obtained from the third detector placed at co-
ordinates (0.0, -2.5). The first and second order gradient of the error functional attempts
to adjust the absorption and scattering material properties so that the forward model can
better fit the exact solution obtained at the detectors. As a result the scalar flux of the
adjoint solution, the error functional, and the gradient of the error functional all tend to

zero as a more accurate angular flux approximation is found.
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[ ] above  2.03x107"
2.00%107" — 2.03%10""
% 1.95%107" — 2.00%x10™"
[ ] 1.91%107" — 1.95%x107"
[ 1.86x107" — 1.91x107"
I 1.81%107" — 1.86%10"
Bl 177107 — 1.81x10"'
B 1.72%107" — 1.77%107"
[ 1.68x107' — 1.72%107"
[ 1.63*x107' — 1.68%107"
[ 1.58+107' — 1.63%107"
[ 1.54x107" — 1.58%10""
N 1.49+107' — 1.54%107"
Bl 1.45+10°' — 1.49%107"
[ | below  1.45%107"
[ ] above  7.26%10°
[ ] 7.15%10° — 7.26%10°
[ ] 6.97%10° — 7.15%10°
[ ] 6.78«10° — 6.97%10°
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Bl 6.22+¢10° — 6.40%10°
I 6.03x10° — 6.22%10°
[ 5.84x10° — 6.03%10°
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[ 5.47%10° - 5.65%10°
[ 5.28«10° — 5.47+10°
B 5.09%10° — 5.28%10°
Bl 491%10° — 5.09%10°
[ | below  4.91%10°

Figure 6.5: Absorption (top image) and scattering (bottom image) reconstruction results
for a circle in circle type problem using a P, angular expansion. The image illustrates the

first 11 iterations of the transient reconstruction.

Figure 6.5 compares the absorption (top image) and scattering (bottom image) recon-
struction results for the problem geometry described in figure 6.1 and table 6.2. A P,
angular approximation was used to perform the transient forward model and inversion

model calculations. The inversion was performed for 11 iterations.

Figure 6.5 provides visual evidence that during the P inversion calculation, the algorithm
finds the correct location and approximate size of the inhomogeneity for both absorption
and scattering reconstructions. A P; angular approximation therefore provides an ade-
quate description for modelling time dependent radiation transport in highly scattering
media. The relative magnitudes of the absorption and scattering coefficients are also ap-

proximated fairly accurately. The magnitude of the absorption coefficient, s, extends
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from 0.2cm ™! to approximately 0.145¢cm ™!

, while the magnitude of the scattering coeffi-
cient extends from approximately 7.26cm ™ to approximately 4.91cm ™. The magnitude
of the absorption coefficient of the inhomogeneity is slightly overestimated, while the

magnitudes of the background medium and the scattering coefficient remain accurate.

Figure 6.6 illustrates the error functional as a function of the iteration number for the P,
angular approximation described above. The top graph illustrates the reduction of the
error functional during the first 11 iterations plotted on a log scale. The bottom graph
illustrates the same results plotted on a linear scale. Figure 6.6 illustrates that the error
functional is reduced most dramatically during early stages of the inversion (i.e. during
the first six iterations). The error functional is reduced by more than an order of magnitude
during the first 11 iterations, from a functional of magnitude /' = 0.14 to a functional of
magnitude F' = 0.013.

Figure 6.7 illustrates scalar flux as a function of time for the first source at the second de-
tector location (top left hand graph), the third detector location (top right hand graph), the
fourth detector location (bottom left hand graph) and fifth detector location (bottom right
hand graph), while figure 6.8 illustrates scalar flux as a function of time for the first source
at the sixth detector location (top left hand graph), the seventh detector location (top right
hand graph), and the eighth detector location (bottom left hand graph). The eight isotropic
sources and detectors are placed equidistantly around the circumference of the medium.
The co-ordinate positions of each of the individual sources and detectors are described
in table 6.1. Figures 6.7 and 6.8 compare the exact solution (solid line) to the forward
model result after 1 iteration (dot-dashed line) and the forward model result after 11 iter-
ations (dashed line). The exact solutions using 25 Discontinuous Galerkin time steps are
also illustrated (dotted line) in figures 6.7 and 6.8. The detector response received at the
first detector has been omitted from the calculations (using the weight function) because
the large source-detector sensitivities observed when sources and detectors are placed too
close together are not regarded as reliable. The first detector has been placed on top of

the first source.

Important features illustrated in figures 6.7 and 6.8 include the symmetry of the modelling

domain and the convergence characteristics of the inverse problem. The similarity in
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Figure 6.6: Error functional as a function of iteration number. The top graph illustrates

the reduction of the error functional during the first 11 iterations plotted on a log scale.

The bottom graph illustrates the same results plotted on a linear scale.
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Figure 6.7: Scalar flux versus time for the first source at a) the second detector location,

b) the third detector location, c) the fourth detector location and d) the fifth detector

location. The graphs compare the exact solution (solid line) to the forward model result

after 1 iteration (dot-dashed line) and the forward model result after 11 iterations (dashed

line). The exact solutions using 25 Discontinuous Galerkin time steps are also illustrated

(dotted line) in each graph.
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Figure 6.8: Scalar flux versus time for the first source at a) the sixth detector location, b)
the seventh detector location, and c) the eighth detector location. The graphs compare the
exact solution (solid line) to the forward model result after 1 iteration (dot-dashed line)
and the forward model result after 11 iterations (dashed line). The exact solutions using

25 Discontinuous Galerkin time steps are also illustrated (dotted line) in each graph.
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Figure 6.9: Scalar flux versus time for the first source and the fifth detector position.
The graph compares the exact solution (solid line) to the forward model result after 1
iteration (long dashed line), the forward model result after 11 iterations (dot-dashed line),
and the forward model result after 20 iterations (dotted line). The solution approaches

convergence as the number of iterations is increased.

scalar flux versus time graphs at the second and eighth detector locations, the third and
seventh detector locations and the fourth and sixth detector locations indicate that the
model is symmetric and that the sources and detectors have been placed equidistantly
around the circumference of the medium. In other words, the second and eighth detectors,
third and seventh detectors and the fourth and sixth detectors are placed at equal distances
away from the source. Thus the signal received at each of the detector pairs remains the

same.

The convergence characteristics show that as the number of iterations is increased the
detector response at each of the source-detector pairs approaches that of the exact solution.
However, the graphs illustrated in figures 6.7 and 6.8 suggest that the model has some

way to go before convergence is met. This is illustrated most dramatically in the detector
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Figure 6.10: Absorption (top image) and scattering (bottom image) reconstruction results
for a circle in circle type problem using a P; angular expansion. The figure illustrates the

first 20 iterations of the time-dependent reconstruction scheme.

response observed at the fifth detector. The fifth detector is placed furthest away from the
source and therefore has the weakest detector response. Therefore, because of the absence
of useful data, the scalar flux versus time graph observed at the fifth detector remains the

most difficult signal to fit to an exact solution.

Convergence is improved when the number of iterations is increased. Figure 6.9 depicts
scalar flux as a function of time at the first source and the fifth detector positions. The
graph compares the exact solution (solid line) to the forward model result after 1 iteration
(long dashed line), the forward model result after 11 iterations (dot-dashed line), and
the forward model result after 20 iterations (dotted line). A marked improvement in the

convergence of the scalar flux is illustrated as the number of iterations is increased to
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20. After 20 iterations the error functional is reduced to a magnitude of F' = 0.0023 and
convergence is reached. The convergence criterion is chosen so that once convergence is

met, increasing the number of iterations does not change the inversion model significantly.

Figure 6.10 compares the absorption (top image) and scattering (bottom image) recon-
struction results for the problem geometry described in figure 6.1 and table 6.2. A P,
angular approximation was used to perform the transient forward model and inversion
model calculations and convergence was met after 20 Levenberg-Marquardt iterations.
The relative magnitude of the absorption coefficient shows a slight improvement when
compared to Levenberg-Marquardt calculations performed for 11 iterations. The magni-

tude of the absorption coefficient, 1,, extends from 0.2cm ™~ to approximately 0.138cm ™,

while the magnitude of the scattering coefficient extends from approximately 7.26cm
to approximately 4.51cm™!. The relative magnitude of the reconstructed absorption co-

efficient still remains slightly overestimated.

The reasoning behind initially using 11 iterations to perform the time dependent image
reconstruction is that it took 11 Levenberg-Marquardt iterations to reach convergence
for steady state inversion calculations using the same problem set up and model geometry
(see [43]). Although imaging using time dependent information may take a larger number
of iterations to converge, the image reconstruction results produce sharper images (see
[43] for comparison) and the relative absorption and scattering coefficient magnitudes
are reconstructed more accurately. Time dependent information can therefore be used to

provide better quality inversion images.

6.5.2 Experiment 2

Figure 6.11 illustrates a square domain of size Scm X 5cm. The domain contains three
embedded inhomogeneities, each of size lcm x lcm . The inhomogeneities are placed
Icm deep inside the medium. The absorption and scattering material properties of both
the background medium and the embedded inhomogeneities are described in table 6.3.
Two of the embedded inhomogeneities have the same absorption material properties and

two of the embedded inhomogeneities have the same scattering material properties. Six-
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Figure 6.11: A two dimensional structured finite element square mesh for a phantom of
size Scm x Scm. Three inhomogeneities are located 1cm deep inside the medium. The
mesh used for both the forward model and inversion model reconstruction has 882 nodes,

1280 bi-linear quadrilateral elements and 5 Discontinuous Galerkin time steps.

teen equally spaced isotropic sources and detectors are situated around the circumference
of the medium to obtain the forward and reconstruction model results. A P; angular
approximation is used to obtain the time-dependent forward and inversion model calcu-
lations along with a Levenberg-Marquardt optimisation method. The same sized mesh is
used to generate both the two dimensional forward model and inversion model reconstruc-
tion. The mesh has 882 nodes, 1280 bi-linear quadrilateral elements and 5 Discontinuous
Galerkin time steps. Both the absorption and scattering regularisation penalty levels (v,
and y,) are initially set to 100,000 and are annealed downwards by a factor of 1.5 after
each Levenberg-Marquardt iteration. The step length damping coefficient, ), is initially
set to 0.1. As an initial guess, a homogeneous medium is chosen with optical properties

that equal the background. In other words 1, = 0.07cm and ,u; = 10.0cm.

Figure 6.12 compares the absorption (top image) and scattering (bottom image) recon-
struction results for the (time dependent) problem geometry described in figure 6.11 and

table 6.3. A P, angular approximation provided an adequate description for modelling
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palem™" | pglem™)
Background Medium 0.07 10.0
Top Left Inhomogeneity 0.07 15.0
Bottom Left Inhomogeneity 0.14 10.0
Bottom Right Inhomogeneity 0.14 15.0

Table 6.3: Optical absorption and scattering coefficients for a square domain of size Scm
x 5cm. Three inhomogeneities are contained inside the domain. The scattering and

absorption material properties of each of the inhomogeneities are described.

radiation transport. Figure 6.12 provides visual evidence that the inversion algorithm
finds the correct location, size and approximate shape of the three inhomogeneities for
both absorption and scattering reconstructions. The approximate magnitudes of the ab-
sorption coefficients and scattering coefficients of each of the three inhomogeneities are
also reconstructed relatively accurately. The P; results approximate the magnitude of

the absorption coefficient, /i,, to extend from 0.106cm™! to approximately 0.067cm !,

while the magnitude of the scattering coefficient extends from approximately 16.4cm ™1
to approximately 8.93cm™~!. The magnitude of the background absorption and scattering

coefficients remain accurate.

Like image reconstruction using steady state radiation transport theory (chapter 5), the al-
gorithm manages to distinguish between absorption and scattering features with relatively
little cross-talk. However, the inversion scheme that utilises time dependent information
resolves the approximate sizes and shapes of the three embedded inhomogeneities more
accurately and produces a sharper image reconstruction for both scattering and absorption
material properties. The relative absorption and scattering coefficient magnitudes are also

reconstructed more accurately.

Figure 6.13 illustrates error functional as a function of iteration number for the first 43
iterations of the P; angular expansion. The model reduced the error functional from a
magnitude of /' = 37.626 to a magnitude of /' = (.231. The regularisation penalty levels

are initially set to large initial values of v, = v = 100, 000 and are annealed downwards
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Figure 6.12: Absorption (top image) and scattering (bottom image) coefficient reconstruc-
tion for a square domain problem containing three embedded inhomogeneities. Two of
the embedded inhomogeneities have the same absorption material properties and two of
the embedded inhomogeneities have the same scattering material properties. The transient

inversion was performed using a P, angular approximation and was run for 43 iterations.

by a factor of 1.5 after each iteration. The small relative reduction in 7, and v, provides

a gradual decrease in the error functional.

The converging solution is illustrated in figure 6.14. Figure 6.14 depicts scalar flux as a
function of time at the first source and the eighth detector positions. The x- and y- position
co-ordinates of each individual source and detector are illustrated in table 6.1. The first
source is placed at coordinates (1.0, 0.0) and the eighth detector is placed furthest away
from the source at coordinates (5.0, 4.0). The graph compares the exact solution (solid

line) to the forward model result after 1 iteration (long dashed line), the forward model
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Figure 6.13: Error functional as a function of iteration number for time dependent radi-
ation transport. The top graph illustrates the reduction of the error functional during the
first 43 iterations plotted on a log scale. The bottom graph illustrates the same results
plotted on a linear scale. The gradual decline in the error functional is because 7, and 4

are initially set to large magnitudes.
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Figure 6.14: Scalar flux versus time for the first source and the eighth detector position.
The graph compares the exact solution (solid line) to the forward model result after 1 iter-
ation (long dashed line), the forward model result after 5 iterations (dot-dashed line), the
forward model result after 10 iterations (dash with two dots) and the forward model re-
sults after 40 iterations (dotted line). The solution approaches convergence as the number

of iterations is increased.

result after 5 iterations (dot-dashed line), the forward model result after 10 iterations
(dashed line with two dots) and the forward model result after 40 iterations (dotted line).
A marked improvement in the convergence of the scalar flux is illustrated as the number

of iterations is increased.

6.5.3 Experiment 3

The simulation geometry described in figure 6.15 depicts a circle 7cm in diameter con-
taining an embedded void-like ring of thickness 0.5cm. The ring extends from a radius

of 2cm to a radius of 2.5cm from the centre of the domain. The absorption and scattering
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Figure 6.15: A two dimensional structured finite element circular mesh of diameter 7cm
with an embedded void ring of thickness 0.5cm. The ring extends from a radius of 2cm to
a radius of 2.5cm from the centre of the domain. The time dependent problem has 2210

nodes, 3296 bi-linear quadrilateral elements and 5 Discontinuous Galerkin time steps.

coefficients of the background medium and the inhomogeneous ring are contained in table
6.4. Eight equally spaced isotropic sources and detectors are placed around the circumfer-
ence of the medium to obtain the forward model and inverse model reconstruction results.
A P, angular approximation is used to obtain the time dependent forward and inversion
calculations along with a Levenberg-Marquardt optimisation method. The same sized
mesh is used to generate both the two dimensional forward model and inversion model
reconstruction. The mesh used has 2210 nodes, 3296 bi-linear quadrilateral elements and
5 Discontinuous Galerkin time steps. Both the absorption and scattering regularisation
penalty levels (v, and v49) are initially set to 10,000 and are annealed downwards by a
factor of 1.5 after each Levenberg-Marquardt iteration. The step length damping coeffi-
cient, A, is initially set to 0.1. As an initial guess, a homogeneous medium is chosen with

optical properties that equal the background. In other words s, = 0.2cm and y, = 7.5cm.

Figure 6.16 compares the converged absorption (top image) and scattering (bottom image)

reconstruction results for the problem geometry described in figure 6.15 and table 6.4. A
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palem ™ | plem™

Background Medium 0.2 7.5
Ring Region 0.0 0.0

Table 6.4: Optical absorption and scattering coefficients for a circle 7cm in diameter

containing an embedded void-like ring of thickness 0.5cm.

P, angular approximation was used to perform the transient forward model and inversion
model calculations. The inversion was performed for 42 iterations. Figure 6.16 provides
visual evidence that during the P; inversion calculation, the algorithm finds the correct
location and approximate size of the transparent ring for both absorption and scattering

reconstructions.

The relative magnitudes of the absorption and scattering coefficients are also approxi-
mated fairly accurately although are never absolutely resolved. The magnitude of the

L while

absorption coefficient, 1, extends from 0.183cm™! to approximately 0.029c¢cm ™~
the magnitude of the scattering coefficient extends from approximately 15.3cm ™! to ap-
proximately 0.115cm ™. The magnitudes of both the absorption and scattering coefficient
reconstructions indicate that a void is present but are both overestimated inside the trans-
parent void. The magnitude of the background scattering coefficient is also overestimated
in regions where eight image artefacts exist. The eight image artefacts are located in
the vicinity of where the eight sources and eight detectors are situated. The scattering
coefficient magnitudes of these regions could be improved either by increasing the reg-

ularisation penalty levels, v, and v, or by utilising a more sophisticated regularisation

strategy.

A Large improvement in image quality is observed when comparing calculations per-
formed using time dependent information to calculations performed using steady state
information. Figure 6.17 compares the converged absorption (left hand side) and scatter-
ing (right hand side) reconstruction results for the problem geometry described in figure
6.15 and table 6.4 using steady state radiation transport. P, (top) and P; (bottom) angular

approximations were used to perform the inversion calculations. Figure 6.17 provides
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Figure 6.16: Absorption (top image) and scattering (bottom image) reconstruction results
for a circular problem containing an embedded transparent ring. The figure illustrates a
time-dependent reconstruction using a P, angular expansion. The inversion converged

after 42 iterations.

visual evidence that during the steady state P; scattering reconstruction, the algorithm
finds the correct location of the transparent ring. However, the thickness of the void is
overestimated. The P; angular approximation fails to reconstruct the absorption mate-
rial structure. The P, angular approximation fails to reconstruct both the scattering and
absorption material structure. The results suggest that steady state radiation transport the-
ory has limited use when considering void modelling. Utilising time dependent transport

could provide the inversion model with crucial transient information.

The relative magnitudes of the steady state absorption and scattering coefficients are ap-

proximated fairly accurately although they are never absolutely resolved. The P; angular
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Figure 6.17: Steady state absorption (left hand side) and scattering (right hand side) re-

construction results for a circular problem containing an embedded void ring. P; (top)

and Ps3 (bottom) angular approximations are used to reconstruct the medium’s material

properties. The P; angular approximation was performed for 13 iterations and the Ps

angular approximation was performed for 24 iterations. The legend depicts the range in

magnitude of the absorption coefficient (left hand side) and scattering coefficient (right

hand side) for the P; angular approximation.
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expansion approximates the magnitude of the absorption coefficient, 1, to extend from

0.182cm™! to approximately 0.0147cm ™!

, while the magnitude of the scattering coeffi-
cient extends from approximately 8.41cm~! to approximately 0.0871cm~'. The P; an-
gular expansion approximates the magnitude of the absorption coefficient, 1., to extend

from 0.214cm ™! to approximately 0.0232cm ™!

, while the magnitude of the scattering co-
efficient extends from approximately 8.41cm ™! to approximately 0.527cm~!. The legend
illustrated at the bottom of figure 6.17 depicts the range in magnitude of the absorption
coefficient (left hand side) and scattering coefficient (right hand side) for the P5 angular
approximation described above. For both P, and P; angular approximations, the magni-
tudes of both the scattering and absorption coefficients of the inhomogeneous ring indicate
that a void is present but are overestimated. The magnitude of the background scattering
coefficient is also overestimated for both P; and P; angular approximations. The mag-
nitude of the scattering coefficient reconstruction of the internal circle (contained on the

inside of the inhomogeneous ring), described in the Ps5 reconstruction is slightly underes-

timated.

Figure 6.18 illustrates the error functional as a function of the iteration number for the
time dependent, P, angular approximation described above. The top graph illustrates the
reduction of the error functional during the first 42 iterations plotted on a log scale. The
bottom graph illustrates the same results plotted on a linear scale. The error functional
is reduced by two orders of magnitude during the first 42 iterations, from a functional of
magnitude /' = 11.60 to a functional of magnitude F' = 0.545. Figure 6.18 illustrates a
fairly gradual decrease in the error functional. This is because 7, and v, are initially set

to large magnitudes and are annealed down gradually.

Figure 6.19 illustrates scalar flux as a function of time for the first source at the second
detector location (top left hand graph), the third detector location (top right hand graph),
the fourth detector location (bottom left hand graph) and fifth detector location (bottom
right hand graph). Figure 6.20 illustrates scalar flux as a function of time for the first
source at the sixth detector location (top left hand graph), the seventh detector location
(top right hand graph), and the eighth detector location (bottom left hand graph). The
eight isotropic sources and detectors are placed equidistantly around the circumference

of the domain. The co-ordinate positions of each of the individual sources and detectors
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Figure 6.18: Error functional as a function of iteration number for time dependent radi-
ation transport. The top graph illustrates the reduction of the error functional during the
first 42 iterations plotted on a log scale. The bottom graph illustrates the same results
plotted on a linear scale. The gradual decline in the error functional is because 7, and 4

are initially set to large magnitudes.
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Figure 6.19: Scalar flux versus time for the first source at a) the second detector location,

b) the third detector location, ¢) the fourth detector location and d) the fifth detector

location. The graphs compare the exact solution (solid line) to the forward model result

after 1 iteration (dot-dashed line) and the forward model result after 40 iterations (dashed

line). The exact solutions using 25 Discontinuous Galerkin time steps are also illustrated

(dotted line) in each graph.
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Figure 6.20: Scalar flux versus time for the first source at a) the sixth detector location, b)

the seventh detector location, and c) the eighth detector location. The graphs compare the

exact solution (solid line) to the forward model result after 1 iteration (dot-dashed line)

and the forward model result after 40 iterations (dashed line). The exact solutions using

25 Discontinuous Galerkin time steps are also illustrated (dotted line) in each graph.
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Figure 6.21: Scalar flux versus time for the first source and the second detector position.
The graph compares the exact solution (solid line) to the forward model result after 1
iteration (long dashed line), the forward model result after 5 iterations (dot-dashed line),
the forward model result after 20 iterations (dotted line) and the forward model results
after 40 iterations (dashed line). The solution approaches convergence as the number of

iterations is increased.

are described in table 6.1. The exact solutions using 25 Discontinuous Galerkin time
steps are also illustrated (dotted line) in figures 6.19 and 6.20. Figures 6.19 and 6.20
compare the exact solution (solid line) to the forward model result after 1 iteration (dot-
dashed line) and the forward model result after 40 iterations (dashed line). The detector
response received at the first detector has been omitted from the calculations (using the
weight function) because the large source-detector sensitivities observed when sources
and detectors are placed too close together are not regarded as reliable. The first detector

has been placed on top of the first source.

Important features illustrated in figures 6.19 and 6.20 include the symmetry of the mod-

elling domain and the convergence characteristics of the inverse problem. The similarity
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in scalar flux versus time graphs at the second and eighth detector locations, the third
and seventh detector locations and the fourth and sixth detector locations indicate that
the model is symmetric and that the sources and detectors have been placed equidistantly
around the circumference of the medium. In other words, the second and eighth detectors,
third and seventh detectors and the fourth and sixth detectors are placed at equal distances
away from the source. Thus the signal received at each of the detector pairs remains
the same. Another interesting feature observed during the second and eighth detector re-
sponse is the peak in the scalar flux during the initial part of the time sequence. This peak
is observed when calculations are performed for 25 Discontinuous Galerkin time steps
and represents the short amount of time the source pulse is activated and the integration
of the spatial resolution. In other words the peak is a numerical representation of the delta
function in time. The source has been placed on the first of five Discontinuous Galerkin

time units.

The convergence characteristics show that as the number of iterations is increased the
detector response at each of the source-detector pairs approaches that of the exact solution.
After 40 iterations the scalar flux graphs at each of the source-detector pairs converges to
that of the exact solution. The convergence criterion is chosen so that once convergence is
met, increasing the number of iterations does not change the inversion model significantly.
Figure 6.21 depicts scalar flux as a function of time at the first source and the second
detector positions. The graph compares the exact solution (solid line) to the forward
model result after 1 iteration (long dashed line), the forward model result after 5 iterations
(dot-dashed line), the forward model result after 20 iterations (dotted line) and the forward
model results after 40 iterations (dashed line). A marked improvement in the convergence

of the scalar flux is illustrated as the number of iterations is increased to 40.

6.5.4 Experiment 4

The final simulation geometry, described in figure 6.22, is a square domain containing
an embedded transparent, void-like ring. The ring has a 1.0cm thickness and is placed
1.0cm deep into the domain. The absorption and scattering material properties of both

the background medium and the transparent void are described in table 6.5. Sixteen
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Figure 6.22: A two dimensional structured finite element square mesh for a phantom of
size Scm X Scm. A void-like ring of thickness 1.0cm is located at a depth of 1.0cm into the
domain. The mesh used for both the forward model and inversion model reconstruction
has 882 nodes, 1280 bi-linear quadrilateral elements and 5 Discontinuous Galerkin time

steps.

equally spaced isotropic sources and detectors are situated around the circumference of
the medium to obtain the forward and reconstruction model results. Both P; and P; an-
gular approximations are used to obtain the time dependent forward model and inversion
model reconstruction using a Levenberg-Marquardt optimisation method. The same sized
mesh is used to generate both the two dimensional forward model and inversion model
reconstruction. The mesh has 882 nodes, 1280 linear quadrilateral elements and 5 Dis-
continuous Galerkin time steps. Both the absorption and scattering regularisation penalty
levels (v, and 4) are initially set to 100 and are annealed downwards by a factor of
1.5 after each Levenberg-Marquardt iteration. The step length damping coefficient, A, is
initially set to 0.1. As an initial guess, a homogeneous medium was chosen with optical
properties equal to those of the background medium. In other words 1, = 0.07cm and

f, = 10.0cm.

Figures 6.23 and 6.24 compare the absorption (top set of images) and scattering (bot-
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palem ™ | plem™

Background Medium 0.07 10.0
Ring Region 0.0 0.0

Table 6.5: Optical absorption and scattering coefficients for a square domain of size Scm

x 5Scm. The square domain contains a transparent void region in the shape of a ring.

tom set of images) reconstruction results, for the problem geometry described in figure
6.22 and table 6.5, after (from left to right) 1 iteration, 10 iterations and 50 iterations
respectively. Figure 6.23 illustrates a P3 angular approximation result, while figure 6.24
illustrates a P; angular approximation result. Figure 6.23 provides visual evidence the
during the time dependent Pj scattering reconstruction, the algorithm finds the correct
location and thickness of the transparent ring to a high order of accuracy. The P5 an-
gular approximation also goes some way to resolving the ring-like structure during ab-
sorption coefficient reconstructions. The P; angular approximation fails to reconstruct
the ring-like structure for both time dependent scattering and absorption coefficient re-
constructions. According to the P, images described in figure 6.24, the ring-like structure
described in the original problem geometry (figure 6.22) does not exist and instead a large

square void is reconstructed.

The relative magnitudes of the absorption and scattering coefficients are approximated

fairly accurately although they are never absolutely resolved. The P; angular expansion

approximates the magnitude of the absorption coefficient, ji,, to extend from 0.11cm ™!

1

to approximately 0.0147cm™", while the magnitude of the scattering coefficient extends

1

from approximately 8.8cm™! to approximately 0.166cm~'. The P; angular expansion

approximates the magnitude of the absorption coefficient, 1, to extend from 0.094cm ™!

1

to approximately 0.0173cm ™", while the magnitude of the scattering coefficient extends

from approximately 8.98cm™! to approximately 0.18cm ™!

. For each of the angular ap-
proximations (P;, and P3), the magnitudes of both the scattering and absorption coeffi-
cients of the inhomogeneous ring indicate that a void is present but are overestimated. The
Pj result also provides a significantly improved reconstruction of the internal scattering

region when compared to the P, angular approximation results. During both P; and P;
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Figure 6.23: The absorption (top set of images) and scattering (bottom set of images)
reconstruction results after (from left to right) 1 iteration, 10 iterations and 50 iterations
respectively, for the problem geometry described in figure 6.22 and table 6.5. A P5 angu-

lar approximation was used to perform the transient inversion calculations.

angular approximations artefacts exist for both scattering and absorption reconstructions.
These are manifested in the scattering coefficient peaks and have scattering coefficient

extending up to 24.0cm L.

Figure 6.25 depicts absorption coefficient (left hand graphs) and scattering coefficient
(right hand graphs) as a function of distance along the x-axis for the P; and P, angular
approximations described in figures 6.23, and 6.24 respectively. A line is drawn from
the middle of the y-axis, at co-ordinates (0.0, 2.5), (5.0, 2.5). The dotted line represents
the exact solution. The top two graphs illustrate absorption and scattering coefficient as
a function of distance after the first iteration. The middle graphs illustrate absorption
and scattering coefficient as a function of distance after the tenth iteration and the bottom
graphs illustrate absorption and scattering coefficient as a function of distance after the

fiftieth iteration.

The absorption coefficient reconstructions illustrated in figure 6.25 show that the void
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Figure 6.24: The absorption (top set of images) and scattering (bottom set of images)
reconstruction results after (from left to right) 1 iteration, 10 iterations and 50 iterations
respectively, for the problem geometry described in figure 6.22 and table 6.5. A P; angu-

lar approximation was used to perform the transient inversion calculations.

is largely resolved somewhere between the first and tenth iteration. After 50 iterations
the absorption coefficient extends from approximately y, = 0.07cm™! to approximately
e = 0.01cm™~L. Figure 6.25 also illustrates that even, after 50 iterations, the ring is never
reconstructed for the P, angular approximation, while the ring is partially resolved for the

P53 angular approximation.

Like the absorption coefficient reconstruction, scattering coefficient reconstruction results
resolve the void-like region somewhere between the first and tenth iteration. The tenth
and fiftieth iteration graphs illustrate the ring-like structure emerging for the P; angular
approximation results which is illustrated in figure 6.25 as a peak that extends between
a distance of x = 2cm and x = 3cm. The presence of the ring structure is confirmed
in the spatial reconstruction illustrated in figure 6.23. After 50 iterations the ring is fully
reconstructed and has the correct approximate thickness and scattering coefficient mag-

nitude. Two of the image artefacts are also reconstructed in figure 6.25. The peaks have
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Figure 6.25: Absorption coefficient (left hand graphs) and scattering coefficient (right

hand graphs) as a function of distance along the x-axis -for the transient P; and P; an-

gular approximations described in figures 6.23, and 6.24- after 1 iteration (top graphs),

10 iterations (middle graphs) and 50 iterations (bottom graphs) respectively. The dotted

lines represent the exact solution
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Figure 6.26: Scalar flux versus time for the first source and the third detector position.
The graph compares the exact solution (solid line) to the forward model result after 1
iteration (long dashed line), and the forward model result after 50 iterations (dot-dashed

line). The solution approaches convergence as the number of iterations is increased.

scattering coefficients extending to approximately s, = 21cm ™1,

Similar P; and P; calculations were performed for steady state radiation transport, the re-
sults of which are illustrated in [43]. While both steady state and time dependent radiation
transport fail to reproduce the ring-like structure for P; angular expansions the visualisa-
tions obtained using time dependent information appear sharper and more accurate than
those obtained using steady state radiation transport. During P5; angular approximations,
both time dependent and steady state radiation transport calculations resolve the trans-
parent ring during scattering coefficient reconstructions. The ring appears clearer and
more accurately resolved when transient information is used. Time dependent radiation
transport also goes some way to resolving the transparent ring during P5 absorption re-
constructions. The transparent ring was never resolved for absorption reconstructions
during steady state radiation transport calculations (even when a P5 angular expansion is

considered).
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Figure 6.26 depicts scalar flux as a function of time at the first source and the third detector
position. The x- and y- position co-ordinates of each individual source and detector are
the same as the x- and y- position co-ordinates of the source and detectors described in
experiment 2 and are illustrated in table 6.1. The first source is placed at coordinates (1.0,
0.0) and the third detector is placed at coordinates (3.0, 0.0). The graph compares the
exact solution (solid line) to the forward model result after 1 iteration (long dashed line),
and the forward model result after 50 iterations (dot-dashed line). A marked improvement
in the convergence of the scalar flux (at the third detector) is illustrated as the number
of iterations is increased to 50. During the first 50 iterations of the P, and Ps angular
expansions, the error functional is reduced by more than two orders of magnitude. The
P, angular expansion reduces the error functional from F' = 9987 to ' = 160.0 and the

Ps angular expansion reduces the error functional from F' = 7540 to [’ = 68.42.

6.6 Conclusion

A multi-dimensional inversion scheme has been developed to describe the transport of
near infrared photons during medical optical tomography. The main contribution of this
chapter is the development of a time dependent inversion scheme. A series of applications
have been considered to demonstrate the enhanced imaging achievable using the time
dependent form of the Boltzmann transport equation. Our approach uses a Discontinuous
Galerkin discretisation of the time domain, which has the ability to use large time steps
while still achieving a high order of accuracy in time. The discretisation has been designed
specifically for inverse problems and is designed to work well for both optically thick

(diffusive) and transparent media.

Four synthetic problems have been used to demonstrate the simultaneous reconstruction
of absorption and scattering material properties inside a host medium. While, the phantom
problems are simple it is hoped that the inversion method will eventually be applied to
real life medical imaging scenarios. The examples illustrate a significant improvement in
scattering and absorption coefficient reconstructions when time dependent information is

incorporated into the imaging domain.
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A multi-dimensional inversion technique has been developed to describe the transport of
near infrared photons during medical optical tomography. The transport of optical radia-
tion is described according to the one-speed Boltzmann transport equation. The strengths
of the forward model include the ability to model both optically thick and transparent
media and the ability to include transient information. A least squares functional optimi-
sation method is used to solve the inverse problem and results in the reconstruction of the

spatial distribution of scattering and absorption coefficients inside the imaging domain.
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Using a full transport theory forward model to predict light propagation enables accu-
rate modelling of transparent, void-like regions, which are commonly found in biological
media. Examples of void-like regions include the cerebrospinal fluid that surrounds the
human brain and synovial fluid contained between joints. This chapter compares model
reconstruction results of media containing transparent regions using full transport the-
ory to reconstructions performed using a P; approximation to the Boltzmann transport

equation. Both steady state and time dependent reconstruction results are compared.

7.1 Introduction

The non-invasive properties of optical radiation together with optical tomography’s rela-
tive affordability compared to most conventional imaging technology make it a desirable
method to develop and utilise as a mainstream imaging procedure. In the field of biomed-
ical optics [12], pathological conditions provide a contrast in tissue optical properties
when compared to healthy tissue [14]. In the field of optical imaging, such contrasts are

exploited to provide (three dimensional) qualitative and quantitative optical images.

Strongly scattering problems, such as those posed in near infrared optical tomography,
are complex and non-linear. There is not a generally applicable direct method for re-
solving highly scattering phenomena, and instead, non-linear inversion methods are used
to evaluate what optical properties would have created the original signal [3, 4, 26, 35,
40, 41, 42, 68, 69, 70]. The techniques described in chapters 4 and 5 enable the recon-
struction of optical property distribution for arbitrary model geometries and for arbitrary
source and detector positions along the boundary of the domain. The inversion is posed
as a functional optimisation [41, 69, 74, 75, 76] problem. Functional optimisation tech-
niques utilise a forward model that provides detector readings based on estimates of the
distribution of optical properties inside the medium. The functional is minimised using
a Levenberg-Marquardt optimisation scheme [71, 72, 73]. Iterations are performed un-
til the predicted data agrees with the detector readings. The final distribution of optical

properties is then displayed as an image.
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Optical property reconstruction is strongly dependent on the accuracy of the forward
model. If the forward model does not accurately describe photon propagation inside a
given medium then the reconstruction scheme becomes erroneous. When considering
radiation transport, many research groups use forward models that rely on the diffusion
approximation to the generally applicable Boltzmann transport equation [3, 4, 26, 173].
While diffusion theory [32, 33, 34, 112] remains a good approximation for light transport
in highly scattering media and is considered advantageous over transport theory because
of the much shorter computation times required to perform an image reconstruction [174],
diffusion theory fails for media or regions contained inside diffusive media that are not
considered diffusive [36, 37, 175]. In other words, the diffusion approximation fails for
media in which sources and detectors are not sufficiently far apart, media with small ge-
ometries where boundary effects dominate and for tissue structures, which do not exhibit
diffusive behaviour. Diffusion theory specifically fails in highly absorbing regions, re-
gions in which p, is comparable to or greater than ji4, and regions in which p, and p, are

both very low (void-like regions).

Although biological tissue approximates a diffusive medium, low-scattering regions exist
that can violate the conditions needed to apply diffusion theory. For example highly scat-
tering brain tissue is enclosed in a layer of virtually transparent cerebrospinal fluid (CSF)
which circulates around the brain. CSF has an absorption coefficient and a scattering co-
efficient of approximately zero and therefore violates the conditions required to perform
diffusion calculations. Cerebrospinal fluid is also found in ventricles located inside brain
matter and in regions where the brain folds in on itself (sulci). In the detection and treat-
ment of rheumatoid arthritis a similarly clear synovial fluid exists between joints, which
also violates the scattering and absorption characteristics required to perform diffusion
calculations. It is likely that the presence of CSF fluid in the human brain and synovial
fluid contained between joints could cause detrimental effects to the propagation of light

during near infrared optical tomography.

Regions that do not comply with the constraints of the diffusion approximation must be
accounted for if optical tomography should develop into a conventional imaging tool.
Numerical methods that can tolerate tissues that do not comply with the constraints of the

diffusion approximation include Monte Carlo [38, 39] and full radiation transport models
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that rely on the Boltzmann transport equation [40, 41, 42, 43, 44, 45, 46, 47, 48, 50,
51]. Although Monte Carlo methods provide correct solutions the simulations are often
too slow to be used for realistic geometries such as those required in brain and breast
imaging. Radiation transport models that solve the Boltzmann transport equation provide
a suitable alternative to diffusion theory but are often difficult to solve and require much
larger computational time scales to perform an image reconstruction. As such, many
research groups still rely on either diffusion theory or radiation-diffusion hybrid models to
perform tomographic image reconstructions [52, 53, 54]. Our model uses a finite element,
Petrov-Galerkin discretisation of the Boltzmann transport equation [58, 59, 60, 61, 62].
Angular discretisation is achieved using spherical harmonics. Both steady state and time-

dependent calculations are performed.

This chapter is organised as follows. Section 7.2 describes the diffusion approximation as
a means of modelling photon transport, while the numerical applications described in sec-
tion 7.3 demonstrate the feasibility of the proposed method and specifically investigates
the applicability of using optical tomography to image the neonatal brain. Our findings

are summarised in section 7.4.

7.2 The One-Speed Diffusion Approximation

The diffusion approximation [32, 33, 34, 112] represents an approximation of the spher-
ical harmonic, angular flux expansion of the Boltzmann transport equation truncated to
first order (i.e. a P, angular expansion). For a P; angular approximation, only the first

two terms of the angular expansion are retained ( = 0 and [ = 1). The final result yields:

%w +V 7 (r,t) + pa(r)(r,t) = s(r, t), (7.1)
LOSED e ) + ) 4 A0S ) = i) ()

In which, s, (r) is the reduced scattering coefficient and ¢ (r,t) represents the photon
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current. Two further approximations are introduced to simplify equations 7.1 and 7.2
further. Firstly, it assumed that the source term, s(r, €2, t), is isotropic. This implies that
the source term s;(r,¢) vanishes in equation 7.2. Secondly, it is assumed that the time
derivative in equation 7.2 is also 0. That is, the rate of time variation of the current density
is much slower than the collisional frequency, vy (r). Re-arranging equation 7.2 yields

an expression for the photon current density, # (r,t), described in terms of the angular

A (e, 1) (1,1) = — s 1+ e V).

1

If the photon diffusion coefficient, D(r), is defined as: D(r) = ——, then
e o 3[pta(r) + pr(r)]

the one-speed diffusion approximation results:
10¢Y(r,t
. wét ) _ V- D(r)Vi(r,t) + po(r)(r, t) = s(r,t). (7.3)

The diffusion approximation is a consequence of four assumptions [33]. That is, 1) the
angular flux must be adequately described by its linearly anisotropic angular dependence,
2) the sources must be isotropic, 3) a one-speed approximation must be considered and 4)
the photon current density changes slowly on a time scale compared to the mean collision
time. The assumption of weak angular dependence is most commonly violated in medical
optics. Weak angular dependence is often violated near boundaries or where material
properties change dramatically from point to point over distances comparable to the mean

free path, near localised sources, and in strongly absorbing media.

A P, angular approximation has been considered to compare diffusion and transport the-
ory. However, the P; angular expansion is not completely equivalent to the diffusion
theory described in equation 7.3. The diffusion approximation represents a hyperbolic
system whereas a P, angular expansion represents a parabolic system. This affects the
causality of the model: the P, model should have a non-zero solution at some distance for
a given time during which photons have travelled at the speed of light (for a given model).
The diffusion approximation gives a non-zero value instantaneously at all points in space

which is nonphysical.
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Experiment 1 | Problems 1 and 2 | Problem 3
Source/Detector Number | x y X y X y
1 1.0 0.0 -2.5 0.0 0.0 35
2 2.0 0.0 -1.75 1.75 25 25
3 3.0 0.0 0.0 2.5 35 0.0
4 4.0 0.0 1.75 1.75 25 -25
5 5.0 1.0 2.5 0.0 0.0 -35
6 5.0 2.0 1.75 -1.75 25 -25
7 5.0 3.0 0.0 -2.5 -3.5 0.0
8 5.0 4.0 -1.75 -1.75 25 25
9 4.0 5.0
10 3.0 5.0
11 2.0 5.0
12 1.0 5.0
13 0.0 4.0
14 0.0 3.0
15 0.0 2.0
16 0.0 1.0

Table 7.1: The x co-ordinate and y co-ordinate source locations and detector locations for

each of the inversion experiments described in chapter 7.

7.3 Numerical Examples

Presented are the simultaneous reconstruction results of absorption and scattering coeffi-
cients contained inside a given isotropic medium from measurements taken at the surface
of the domain. Circular and square test objects containing embedded void-like regions are
utilised as a crude representation of the human head or breast. The forward models used
in the reconstruction of each of the test cases were simulated using the finite element rep-

resentation of the Boltzmann transport equation described in the theory. Reconstructions
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performed using full radiation transport theory (i.e. P3; and P5 angular approximations)
are compared along with reconstructions performed using the diffusion approximation to
the Boltzmann transport equation (i.e. P; angular approximations) to illustrate the need
for using full transport theory when modelling voids. Steady state radiation transport is
also compared alongside time dependent radiation transport to demonstrate the enhanced
imaging achievable using the time dependent form of the Boltzmann transport equation.
Highly resolved meshes are used during both forward and adjoint calculations to ensure
good quality data and the same sized mesh is used to generate both the synthetic data and
the inversion reconstruction. As an initial guess, for each of the problems considered, a
homogeneous medium is chosen with optical properties equal to those of the background
media. The various locations of the individual sources and detectors for each of the sub-

sequent experiments are described in table 7.1.

7.3.1 Experiment 1

The first simulation geometry is a square domain containing three embedded void regions.
The domain is illustrated in figure 7.1 and is of size Scm x Scm. The three embedded in-
homogeneities are each of size lcm x lcm. The absorption and scattering material prop-
erties of both the background medium and the embedded inhomogeneities are described
in table 7.2. Sixteen equally spaced isotropic sources and detectors are situated around
the circumference of the medium to obtain the forward model and reconstruction model
results. P, and P; angular approximations are used to obtain steady state forward and
inversion calculations along with a Levenberg-Marquardt optimisation technique. The
finite element mesh has 882 nodes and 1280 bi-linear quadrilateral elements. Both the
absorption and scattering regularisation penalty levels (v, and v4o) are initially set to 100
and are annealed downwards by a factor of 1.5 after each Levenberg-Marquardt iteration.
The step length damping coefficient, ), is initially set to 0.1. The x- and y- co-ordinates

of each of the source and detector locations is illustrated in table 7.1.

Figure 7.2 illustrates scalar flux as a function of x- and y- spatial co-ordinates for the
forward solution (top left hand side graph), the log of the scalar flux forward solution (top

right hand side graph) and the adjoint solution (bottom graph), for a single source-detector
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Figure 7.1: A two dimensional finite element square mesh for a phantom of size Scm

x 5cm. Three embedded voids are located 1cm deep inside the medium. The steady

state forward model and inversion model reconstruction has 882 nodes and 1280 bi-linear

quadrilateral elements.

palem™] | pfem™]
Background Medium 0.07 10.0
Top Left Inhomogeneity 0.0 0.0
Bottom Left Inhomogeneity 0.0 0.0
Bottom Right Inhomogeneity 0.0 0.0

Table 7.2: Optical absorption and scattering coefficients for a square domain of size Scm

x 5cm. Three embedded voids are contained inside the domain. The scattering and

absorption material properties of the background medium and the respective voids are

described.
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Figure 7.2: Scalar flux as a function of two dimensional space (x and y) for the scalar flux
forward solution (top left hand side graph), the log of the scalar flux forward solution (top
right hand side graph), and the scalar flux adjoint solution (bottom graph). A P53 angular

approximation is used to obtain each of the above images.
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arrangement, using a P; angular expansion. The peaks illustrated in the forward solution
diagrams indicate the position of the first isotropic source (at co-ordinates 0.0, 1.0) and
how the scalar flux propagates through the medium. The adjoint solution represents the
data misfit between the exact solution and the model prediction. The adjoint solution illus-
trates the adjoint flux obtained from the second detector, placed at co-ordinates (0.0, 2.0).
The first and second order gradient of the error functional attempt to adjust the absorption
and scattering material properties so that the forward model can better approximate the
exact solution. As a result the scalar flux of the adjoint solution, the error functional, and
the gradient of the error functional all tend to zero as better approximations to the exact

solution are made.

Figure 7.3 compares the absorption (top set of images) and scattering (bottom set of im-
ages) reconstruction results for the problem geometry described in figure 7.1 and table
7.2. A P; angular approximation was used to perform the inversion calculations. Fig-
ure 7.3 provides visual evidence that during the P; inversion calculation, the algorithm
finds the correct location and approximate size of the embedded voids for both the ab-
sorption and scattering reconstructions. The relative magnitudes of the absorption and
scattering coefficients are also approximated fairly accurately, although the three voids
are never completely resolved. Table 7.3 illustrates the approximate magnitude ranges
of the absorption and scattering coefficients after 20, 40, 60, 80 and 100 iterations re-
spectively. The magnitude of the absorption coefficient is reduced by almost 50% during
early stages of the inversion but only small changes are observed after twenty iterations.
In contrast, after 100 iterations, the scattering coefficient associated with the embedded
voids is reduced by almost two orders of magnitude. While the absolute magnitude of the
scattering coefficients are most accurate after 100 iterations the scattering image is quite
noisy compared to earlier iteration images (see figure 7.3). Performing calculations with

larger initial regularisation penalties could improve image quality.

The error functional is reduced by more than three orders during the first 100 Levenberg-
Marquardt iterations. The functional is reduced from F' = 3774.00 to F' = 1.11. The ma-
jority of the reconstruction is achieved during the first twenty iterations. This is because,
firstly all three void-like regions are resolved to fairly accurate absorption and scattering

coefficient magnitudes and secondly, the error functional undergoes its biggest reduction
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Scattering Coefficient Images

Figure 7.3: Absorption (top set of images) and scattering (bottom set of images) recon-
struction results during the first 100 iterations of a square domain problem containing

three embedded voids. The inversion was performed using a P; angular approximation.

Tteration Number

palcm™!] range

p,[em™!] range

20
40
60
80

100

0.0774 - 0.0436
0.0773 - 0.0426
0.0773 - 0.0423
0.0773 - 0.0421
0.0773 - 0.0416

15.7-1.39
15.3-1.08
14.9 - 0.964
14.2 - 0.859
13.7-0.750

Table 7.3: The range in optical absorption and scattering coefficients for the square do-
main described in figure 7.1. The lower limits correspond to the resolved absorption and

scattering coefficients of the three void-like regions. Calculations were performed using

a P; angular expansion.
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(from F' = 3774.00 to F' = 8.09) during the first twenty Levenberg-Marquardt iterations.
The absolute magnitudes of the absorption and scattering coefficients are still reduced

during subsequent iterations although little is gained from using more than twenty.

When considering radiation transport, many research groups use forward models that rely
on the diffusion approximation to the generally applicable Boltzmann transport equation.
The diffusion approximation amounts to a P, angular expansion. While diffusion theory
remains a good approximation for light transport in highly scattering media, such as bio-
logical tissue, and is considered advantageous over transport theory because of the much
shorter computation times required to perform image reconstructions, diffusion theory
fails in regions that are not regarded as diffuse. In other words, the diffusion approxima-
tion fails when sources and detectors are not sufficiently far apart, for media with small
geometries where boundary effects dominate and for tissue structures which do not ex-
hibit diffusive behaviour. Diffusion theory specifically fails in highly absorbing regions,
regions in which i, is comparable or greater than 1, and regions in which y, and p, are
both very low. The transparent regions described in the theory above violate the condi-

tions in which diffusion theory should be applied.

Figure 7.4 compares the absorption (top set of images) and scattering (bottom set of im-
ages) coefficient reconstruction results for the problem geometry described in figure 7.1
and table 7.2. A P, (diffusion theory) angular approximation was used to perform the in-
version calculation. Figure 7.4 finds the correct location and approximate size of the three
embedded voids for both absorption and scattering reconstructions, however cross-talk
exists between the three voids. A higher degree of noise is also observed when compared
to calculations performed using a Ps; angular approximation. The relative magnitudes of
the absorption and scattering coefficients are approximated accurately, although the three
voids are never completely resolved. Table 7.4 illustrates the approximate magnitude
ranges of the absorption and scattering coefficients, during the P, angular expansion, after
20, 40, 60, 80 and 100 iterations respectively. The magnitude of the absorption coefficient
is reduced by 50% during early stages of the inversion, while the scattering coefficient as-
sociated with the embedded voids is reduced by almost two orders of magnitude. Similar

magnitudes were observed during the P5; angular expansion.
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Iteration = 20 — 40 — 60 — 80 — 100

Scattering Coefficient Images

Figure 7.4: Absorption (top set of images) and scattering (bottom set of images) coef-

ficient reconstruction results during the first 100 iterations of a square domain problem

containing three embedded voids. The inversion was performed using a P; angular ap-

proximation.

Iteration Number

a[cm™!] range

w,[em ] range

20
40
60
80
100

0.0894 - 0.0402
0.0950 - 0.0379
0.0970 - 0.0382
0.0985 - 0.0355
0.0973 - 0.0348

16.5-1.06
19.6 - 0.726
19.4 - 0.539
18.8-0.476
18.8-0.419

Table 7.4: The range of optical absorption and scattering coefficients for the square do-

main described in figure 7.1. The lower limits correspond to the resolved absorption and

scattering coefficients of the three void-like regions. Calculations were performed using

a P, angular expansion.
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Figure 7.5: The absorption coefficient (top set of images) and scattering coefficient (bot-
tom set of images) reconstruction results during P; (left hand side images), P; (middle
images), and P; (right hand side images) angular expansions. The respective reconstruc-

tions were run for 20 iterations.

The error functional associated with the P; angular expansion is reduced by a similar
magnitude compared to the first 100 Levenberg-Marquardt iterations of the Ps; angular
expansion. The functional is reduced from F' = 5920.00 to /' = 3.35. Although the
majority of the reconstruction is performed during the first 20 iterations, the P; angular
expansion takes much longer to distinguish three distinct inhomogeneities. In fact the
top left and bottom left inhomogeneities are never completely separated during the P
inversion for both scattering and absorption reconstructions. This is problematic when
considering that the most important aspect of medical optical tomography is the ability to
visualise the internal structure of a given medium. After 20 iterations the error functional
is reduced from a magnitude of F' = 5920.00 to a magnitude of ' = 45.25. It is clear
that a P; angular approximation provides a more accurate means of modelling radiation

transport in void-like regions when compared to a P, angular approximation.

Figure 7.5 compares the absorption coefficient (top set of images) and scattering coeffi-
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Figure 7.6: Absorption (top graph) and scattering (bottom graph) coefficient reconstruc-
tion results for a square domain problem using a P; angular expansion. The inversion was
performed for 100 iterations. The problem geometry is the same as described in figure

7.3 but a refined finite element mesh is used.

cient (bottom set of images) reconstruction results during the first 20 iterations of a P; (left
hand side images), P; (middle images), and P; (right hand side images) angular expan-
sion. Both the P; and P5 angular approximations resolve three specific inhomogeneities
during both absorption and scattering reconstructions after 20 iterations. The P; angular
approximation fails to resolve three specific homogeneities. A slight improvement in im-
age quality is observed when comparing Ps to P5; angular expansions, however this is not

significant given the increased computational effort required to perform Ps calculations.

Figure 7.6 compares absorption (top graph) and scattering (bottom graph) coefficient re-
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construction results for the problem geometry described in figure 7.1 and table 7.2. Calcu-
lations were performed using a P; angular expansion and a Levenberg-Marquardt optimi-
sation technique. While the problem geometry and optimisation conditions remain largely
the same as the conditions described in figure 7.3, the mesh used for the forward calcu-
lation and the inversion reconstruction was much more refined. The new uniform finite
element mesh has 3362 nodes and 4960 bi-linear quadrilateral elements. The absorption
and scattering penalty levels (7, and ) are also increased to initial values of 10,000
before being annealed downwards by a factor of 1.5 after each Levenberg-Marquardt it-
eration. It is necessary to increase the regularisation penalty level because refined meshes
with more material property unknowns are more sensitive to the effects of ill-posedness.
Figure 7.6 illustrates that little difference is observed in both the absorption and scat-
tering coefficient reconstruction results when a finite element mesh with more nodes is
considered. The only noticeable difference appears to be a slightly sharper image. The
reconstruction reduced the error functional from a magnitude of F' = 3966 to a magnitude

of F' = 1.25 after 100 Levenberg-Marquardt iterations.
I ncorporating Noise into the Steady State Imaging Domain

It is necessary to study the effect of measurement error on image reconstruction. A pseudo
random number generator has been used to add independent Gaussian noise to each mea-
surement. The independent identical Gaussian noise provides a good approximation to
the true statistics of the data error [176]. In order to generate a data set containing errors,
the angular flux ¥, . , ;, detected from the forward calculation is multiplied by a random

error term Ej -, ;(a),

\I]ST;,Li_) (1+Es7'ui(a)>\ps7'ui' (74)

The random error is generated from a Gaussian distribution with mean zero and a standard
deviation o,4. For each angular moment, a random number « is generated where « has
equal probability of being any real number in the inteval [0, 1]. The error term is then

calculated by finding the value £ , , ;(c), such that,
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Figure 7.7: Absorption coefficient reconstruction results for a square domain problem
containing three transparent voids. The inversion was performed for 20 iterations using
a P3 angular expansion. The images compare 5 % random noise (top image) contained
in the data (top image), to reconstructions performed using 10 % random noise (middle

image) and 20 % random noise (bottom image).
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Figure 7.8: Scattering coefficient reconstruction results for a square domain problem con-

taining three transparent voids. The inversion was performed for 20 iterations using a Ps

angular expansion. The images compare 5 % random noise (top image) contained in the

data (top image), to reconstructions performed using 10 % random noise (middle image)

and 20 % random noise (bottom image).
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Tissue Type | Sample | po[cm™] | p,[em™'] | Reference
Brain of (24 week gest) neonate | in vitro 0.215 7.48 [133]
Brain of (28 week gest) neonate | in vitro 0.373 6.73 [133]
Neonate white matter (40 week gest) | in vitro 0.373 6.59 [133]
Neonate grey matter (40 week gest) | in vitro 0.460 5.29 [133]
Adult white matter | in vitro 0.06 85.0 [133]
Adult grey matter | in vitro 0.35 22.0 [133]

Cerebrospinal Fluid (CSF) 0.022 ~0 [4]

Pig skull | in vitro 0.25 18.0 [136]
Skin: Dermis | in vitro 0.13 20.0 [38]
Skin: Subdermis | in vitro 0.08 12.0 [38]

Table 7.5: Optical properties of various neonatal brain tissue at wavelength A=800nm

] Bor i) 2
S / et dr = (7.5)
oq(2m)2 J-

N

(e e}

The standard deviation determines the severity of the error in the data. In the following
numerical examples the error data is defined as a percentage of the original singnal de-
tected. The standard deviation is set as this set percentage, for example 5% — o, = 0.05,
so that when equation 7.4 is applied, the standard deviation in the error data has this spec-

ified value.

Figure 7.7 illustrates absorption coefficient reconstruction results while figure 7.8 illus-
trates scattering coefficient reconstruction results for the square domain problem contain-
ing three transparent voids. During both scattering and absorption reconstructions, the
inversion was performed for 20 iterations using P3 angular expansions. The images com-
pare 5 % random noise (top images) contained in the data, to reconstructions performed
using 10 % random noise (middle images) and 20 % random noise (bottom images). The
absorption and scattering coefficients of the background medium and the embedded void

are the same as the absorption and scattering coefficients described in table 7.2.
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Pathological Condition Characterised by Caused by
Haematoma and A collection of Ruptured blood vessels
Haemorrhage blood inside the brain.
Periventricular A collection of 80% of periventricular
Haemorrhage (PVH) blood inside the brain ’s haemorrhages are caused by
periventricular white matter ruptured capillaries

in the brain’s germinal layer.

Hypoxic Ischemia (HIE) A region of low Usually occurs because of an
and Birth Asphyxia blood flow or a region abnormal exchange between
of low blood oxygenation the placenta and foetus

or if the umbilical cord is

compressed during labour.

Table 7.6: Common pathological conditions suffered by both term and preterm neonates

that could benefit from near infrared optical imaging.

The algorithm finds the correct location and approximate size of the embedded voids for
both absorption and scattering reconstruction results when errors of 5 % and 10 % ran-
dom noise are considered. When a substantial amount of noise (20 % random noise) is
considered, the algorithm struggles to reconstruct the void regions for absorption coeffi-
cient reconstruction results. The presence of noise effects image resolution and contrast.
As the magnitude of the random noise increases, image quality decreases. However, ran-
dom statistical error rarely extends above a few percent, in which case, the 20 % random
noise calculation becomes unphysical. The algorithm therefore copes fairly well with the
addition of random noise. The magnitudes of both absorption and scattering coefficent

reconstruction results are approximated fairly accurately.
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7.3.2 Experiment 2 - A Crude Approximation of the Neonatal Brain

The neonatal brain provides a suitable model for optical imaging applications. MRI and
CT scanners are costly and largely unsuitable in neonatal intensive care because of the
need to transport a seriously ill child to the scanner. Optical tomography provides a
bedside imaging system that can be used to provide both anatomical and physiological
information about brain tissue. The neonatal brain also provides a simplified model of
the adult brain. Characteristics of the neonatal brain that benefit deep tissue imaging are
fourfold. Firstly neonates have smaller head sizes than adults. Secondly, the neonatal
brain is surrounded by a soft, thin and flexible skull which deforms easily under light
pressure. The skull bones are also not fully mineralised and the structures not fused,
resulting in a lower average scattering coefficient compared to the adult skull. The CSF
fluid that surrounds the human brain exhibits low absorption and almost no scattering
and can therefore hamper deep tissue imaging by acting as a light guide. Neonates have a
thinner layer of CSF fluid surrounding the brain, and are therefore less susceptible to such
effects. Finally, the neonatal brain’s grey and white matter regions are thought to have
lower scattering coefficients and a comparatively small scattering coefficient mismatch.
This benefits the penetration of near infrared light deep in to the brain’s white matter, thus

enabling deep imaging diagnostics.

It is necessary to consider a few limitations when considering neonatal optical tomog-
raphy. Firstly the optical properties of the head, especially the neonatal head, are not
very well known (some experimental data obtained from refereed journals is described
in table 7.5). Further experimental research is crucial in order to create realistic brain
phantoms. Secondly the neonatal brain and head change rapidly and grow enormously
in size and complexity during pregnancy and soon after birth. This makes data acqui-
sition problematic as a cap is placed onto the neonatal head to obtain measurements. If
optical tomography is used in conjunction with MRI or CT, it may also be necessary to
perform further images using these techniques. This is both costly and prohibitive and
does not overcome the problem of having to transport the sick child to the imaging equip-
ment. Common pathological conditions -suffered by neonates- that could benefit from

near infrared optical imaging are illustrated in table 7.6.
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Figure 7.9: A two dimensional structured finite element circular mesh of diameter Scm

with an embedded void region of diameter 2cm located at the centre of the domain. The

steady state problem has 1186 nodes and 1760 bi-linear quadrilateral elements.

palem™] | plem™]
Background Medium 0.2 7.5
Inhomogeneity 0.0 0.0

Table 7.7: Optical absorption and scattering coefficients for a circle Scm in diameter and

a void placed at the centre of that circle 2cm in diameter. The background absorption and

scattering coefficients approximate that of a neonatal brain.

Problem 1

The simulation geometry described in figure 7.9 depicts a circle S5cm in diameter con-

taining a void situated in the centre of the circle that is 2cm in diameter. The absorption

and scattering coefficients of the medium and the inhomogeneous void are contained in

table 7.7. Eight equally spaced isotropic sources and detectors are situated around the

circumference of the medium to obtain the forward model and reconstruction model re-

sults. A P3 angular approximation remains the most accurate means of modelling void
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Figure 7.10: Absorption (top image) and scattering (bottom image) reconstruction results
for the circle in circle geometry described in figure 7.9 and table 7.7. The inversion

converged after 24 iterations using a P3 angular expansion.

regions and is used to obtain the steady state forward and inversion calculations along-
side a Levenberg-Marquardt optimisation method. The finite element mesh used for the
forward and inverse reconstruction contained 1186 nodes and 1760 bi-linear quadrilateral
elements. Both the absorption and scattering regularisation penalty levels (v, and ~yy) are
initially set to 100 and are annealed downwards by a factor of 1.5 after each Levenberg-
Marquardt iteration. The step length damping coefficient, ), is initially set to 0.1. The x
co-ordinate and y co-ordinates of each of the source and detector locations is illustrated
in table 7.1. The optical absorption and scattering coefficients of the background medium

approximate those of the brain of a 24 week gestation neonate [133].
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Figure 7.11: Error functional as a function of iteration number for the first 24 iterations of
the P; angular approximation described in figure 7.9 and table 7.7. The error functional

is reduced most dramatically during early stages of the inversion.

Figure 7.10 compares the converged absorption (top image) and scattering (bottom im-
age) reconstruction results for the problem geometry described in figure 7.9 and table
7.7. Figure 7.10 provides visual evidence that during P; inversion calculations, the al-
gorithm finds the correct location and approximate size of the cylindrical void for both
the absorption and scattering reconstructions. The relative magnitudes of the absorption

and scattering coefficients are also approximated fairly accurately. The resulting absorp-

!, while the magnitude of

tion coefficient, ji,, has a range of 0.205cm™~! to 0.0505cm™
the scattering coefficient is between 7.7cm~! to 0.205cm~!. The magnitudes of both the
scattering and absorption coefficients of the inhomogeneity indicate that a void is present

but are overestimated.

Figure 7.11 illustrates the error functional as a function of the iteration number during
the first 24 iterations of the P; angular approximation described in figure 7.9 and table

7.77. The Pj reconstruction converged after 24 iterations to an error functional of F' =
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Figure 7.12: Absorption coefficient (top graph) as a function of distance along the x-axis
and scattering coefficient (bottom graph) as a function of distance along the x-axis for the
P; angular approximation described in figure 7.10. The inversion was performed for 24
iterations. A line is drawn trough the y-axis, at co-ordinates (-2.5, 0.0), (2.5,0.0). The

dotted line represents the exact solution.
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palem ™ | plem™

Background Medium 0.2 7.5
Inhomogeneity 1 0.0 0.0
Inhomogeneity 2 0.0 0.0

Table 7.8: Optical absorption and scattering coefficients for a circle Scm in diameter

containing two irregular shaped void regions deeply embedded in the domain.

0.0797. The convergence criterion is chosen so that once convergence is met, increasing
the number of iterations does not change the inversion model significantly. The error
functional is reduced most dramatically during early stages of the inversion (during the
first five iterations). Deeply embedded material structure emerges during iterations in

which the penalty contribution to the error functional dominate.

Figure 7.12 depicts absorption coefficient (top graph) as a function of distance along the
x-axis and scattering coefficient (bottom graph) as a function of distance along the x-axis,
for the P; angular approximation described in figure 7.10. The dotted line in each of
the graphs represents the exact solution. The inversion was performed for 24 iterations.
A line is drawn in the middle of the y-axis, at co-ordinates (-2.5 0.0), (2.5, 0.0). The
void region is clear in both the scattering and absorption reconstruction results and both
the absorption coefficients and scattering coefficients are reduced markedly within the
vicinity of the void. The size of the void is reconstructed most accurately for absorption
reconstruction results and extends along a diameter of approximately 2cm along the x-

axis. The scattering coefficient reconstruction produces an image that is slightly enlarged.

Problem 2

The simulation geometry described in figure 7.13 depicts a circle Scm in diameter contain-
ing two irregular shaped, deeply embedded void regions. The absorption and scattering
coefficients of the medium and the inhomogeneous voids are contained in table 7.8. The

background scattering and absorption coefficient approximates that of the neonatal brain.
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Figure 7.13: A two dimensional structured finite element circular mesh of diameter Scm
with two irregular shaped void regions embedded deeply in the domain. The steady state

problem has 1186 nodes and 1760 bi-linear quadrilateral elements.

Eight equally spaced isotropic sources and detectors are situated around the circumfer-
ence of the medium to obtain the forward model and reconstruction model results. A Ps
angular approximation is used to obtain the steady state forward and inversion calcula-
tions along with a Levenberg-Marquardt optimisation method. The finite element mesh
used for the forward and inverse reconstruction contained 1186 nodes and 1760 bi-linear
quadrilateral elements. Both the absorption and scattering regularisation penalty levels
(7. and ~y) are initially set 10,000 and are annealed downwards by a factor of 1.5 after
each Levenberg-Marquardt iteration. The step length damping coefficient, A, is initially
set to 0.1. The x co-ordinate and y co-ordinate positions of each of the sources and detec-

tors placed around the circumference of the medium are illustrated in table 7.1.

Figure 7.14 compares the scattering reconstruction results and figure 7.15 compares the
absorption reconstruction results for the P; angular approximation after 20 iterations, 40
iterations, 60 iterations, 80 iterations and 100 iterations respectively. Figures 7.14 and
7.15 provide visual evidence that during P; inversion calculations, the algorithm finds the

correct location and approximate size of the irregular shaped voids for both the absorption
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Figure 7.14: Scattering reconstruction results for two irregular shaped voids embedded
inside a circle of diameter Scm. A Ps3 angular expansion is used to perform the image
reconstruction. The plots illustrate material property reconstructions after 20, 40, 60, 80

and 100 iterations.
and scattering reconstructions.

The relative magnitudes of the absorption and scattering coefficients are approximated
fairly accurately but not as accurately as the absorption and scattering coefficients are
resolved in figure 7.10. This is largely due to the increased complexity of the problem.
Figure 7.16 illustrates the absorption (top image) and scattering (bottom images) images
after 100 iterations for the reconstructions described in figures 7.14 and 7.15. The results
approximate the magnitude of the absorption coefficient, j,, to extend from 0.272cm™* to

1

approximately 0.116cm ™", while the magnitude of the scattering coefficient extends from

approximately 13.8cm™! to approximately 1.48cm™*

. The magnitudes of both the scat-
tering and absorption coefficients of the inhomogeneities indicate that a void is present

but are overestimated. The magnitude of the background scattering coefficient is overes-
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Iteration = 80 — 160

Figure 7.15: Absorption reconstruction results for two irregular shaped voids embedded
inside a circle of diameter Scm. A Ps3 angular expansion is used to perform the image
reconstruction. The plots illustrate material property reconstructions after 20, 40, 60, 80

and 100 iterations.

timated in regions where the six image artefacts exist, otherwise the background medium

is well approximated. The image artefacts occur in the vicinity of the void regions.

Figure 7.17 illustrates the error functional as a function of iteration number for the first
100 iterations of the P; angular approximation described in figure 7.13 and table 7.8. The
error functional is reduced by almost three orders of magnitude during the 100 iteration
calculation. The error functional is reduced gradually from a magnitude of F' = 1.84
to a magnitude of F' = 0.0064. No sharp drop in magnitude is observed. The gradual
reduction in the error functional is because of the high initial value of the regularisation
penalty levels, v, and ~. The regularisation penalty levels are initially set to 10,000 and
are annealed downwards by a factor of 1.5 after each Levenberg-Marquardt iteration. A

positive aspect of reducing the regularisation penalty levels by a larger annealing factor



7.3 Numerical Examples 243

[ above  2.72%107"'
] 2.64*10:: - 2.72*10::
[ ] 25210 2.64%10
[ ] 2.40%«107" — 2.52%107"
[ ] 227%x107" — 2.40%107"
B 2.15%107" — 2.27%107"
2.02%107" — 2.15%107"
= 1.90%107" — 2.02%x107"'
[ 1.78+107" — 1.90%10""
-1 _ -1
I 1.65%10 1.78%10
[ 153%x107" — 1.65%107"
[ 1.41%x107" — 1.53%107"
B 1.28%107" — 1.41%107"
Il 1.16%x107" — 1.28%10°"
[ ] below 1.16%x107"
] above  1.38%10'
[ ] 1.32%10" — 1.38%10"
1.22%10" — 1.32%10'
] 1.12%x10' — 1.22%10"
] 1.03x10' — 1.12%10"
0 — 1
B 9.28+10 1.03%10
Il 831%x10° — 9.28%10°
I 7.33%10° — 831%10°
I 6.36%10° — 7.33%10°
] 5.38%10° — 6.36%10°
7] 4.41%x10° — 5.38x10°
] 3.43%x10° — 4.41x10°
o _ o
I 2.46%10 3.43%10
Il 1.48+10° — 2.46%10°
[ ] below  1.48x10°

Figure 7.16: Absorption (top image) and scattering (bottom image) reconstruction results
for a circular problem containing two irregular shaped void regions. A Ps angular approx-
imation is used. The inversion was performed for 100 iterations using eight equidistantly

spaced isotropic sources and detectors.

than the one used in the above example is that material structure is likely to be resolved
earlier in the inversion. However, more noise and a greater degree of ill-posedness could
be introduced into the imaging domain and could result in a greater number of image

artefacts or more predominant image artefacts.

Transport theory scattering and absorption image reconstructions may be improved by
introducing extra information into the imaging domain. Extra information can be intro-
duced into the imaging domain by increasing the number of sources and detectors placed
around the circumference of the medium. Figure 7.18 illustrates the absorption (top im-
age) and scattering (bottom image) reconstruction images for the cylindrical problem

described in figure 7.13 and table 7.8. A P; angular approximation is used to obtain the
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Figure 7.17: Error functional as a function of iteration number for the first 100 iterations

of the P; angular approximation described in figure 7.13 and table 7.8.

steady state forward and inversion model results along with a Levenberg-Marquardt op-
timisation method. The inversion was performed for 100 iterations using twelve equally
spaced isotropic sources and detectors situated around the circumference of the medium.
All other parameters are the same as those previously stated in the experiment performed

using eight sources and eight detectors.

The algorithm finds the correct location and approximate size of the the irregular shaped
voids for both the absorption and scattering reconstructions. The relative magnitudes of
the absorption and scattering coefficients are also approximated fairly accurately. The re-
sults approximate the magnitude of the absorption coefficient, ji,, to extend from 0.243cm ™!
to approximately 0.109cm™!, while the magnitude of the scattering coefficient extends
from approximately 13.3cm™" to approximately 2.22cm™~'. The magnitudes of both the
scattering and absorption coefficients of the inhomogeneities indicate that a void is present
but is overestimated. While the relative absorption and scattering magnitudes are simi-

lar to those estimated for the problem geometry that uses eight sources and detectors,
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Figure 7.18: Absorption (top image) and scattering (bottom image) reconstruction results
for a circular problem containing two irregular shaped transparent regions. A P5; angu-
lar approximation is used. The inversion was performed for 100 iterations using twelve

equidistantly spaced isotropic sources and detectors.

the image aftefacts are reduced. A slight improvement in the image quality is therefore

observed.

Figure 7.19 depicts absorption coefficient (top graph) and scattering coefficient (bottom
graph) as a function of distance along the y-axis for the P; angular approximation de-
scribed in figures 7.14, 7.15, and 7.18. A line is drawn along the y-axis, at co-ordinates
(0.0, -2.5), (0.0, 2.5). The solid line represent results obtained for calculations performed
using 12 sources and 12 detectors. The dashed line represent results obtained for calcu-
lations performed using 8 sources and 8 detectors and the dotted line represents the exact
solution. The inversion was performed for 100 iterations. In agreement with figures 7.14,

7.15, and 7.18 the two irregular void regions are clearly resolved for both absorption and
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Figure 7.19: Absorption coefficient (top graph) and scattering coefficient (bottom graph)
as a function of distance along the y-axis for the P5; angular approximation described in
figures 7.14, 7.15 and 7.18. A line is drawn along the y-axis, at co-ordinates (0.0, -2.5),
(0.0, 2.5). The solid line represent results obtained for calculations performed using 12
sources and 12 detectors. The dashed line represent results for obtained for calculations
performed using 8 sources and 8 detectors and the dotted line represents the exact solu-

tion. The inversion was performed for 100 iterations.
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scattering reconstructions. While the voids associated with scattering reconstructions are
the correct approximate size, the voids associated with absorption reconstructions pro-
vide less accurate results. The material located between the void regions is also resolved
more accurately for scattering reconstructions than for absorption reconstructions. Fur-
thermore, the graph also cuts through the region where two of the six image artefacts
exist. These are illustrated in the peaks that extend beyond magnitudes of 12.5cm~! for

scattering reconstructions and 0.272cm ! for absorption reconstructions.

Problem 3

The simulation geometry described in figure 7.20 depicts a circle 7cm in diameter con-
taining an embedded void-like ring of thickness 0.5cm. The ring extends from a radius
of 2cm to a radius of 2.5cm from the centre of the domain. The absorption and scatter-
ing coefficients of the background medium and the inhomogeneous ring are contained in
table 7.9. The problem geometry represents a crude approximation of the neonatal brain.
The optical absorption and scattering coefficients of the background medium approximate
those of the brain of a 24 week gestation neonate [133], while a cylindrical diameter of
7cm represents a preterm neonate’s approximate head size. The transparent ring embed-
ded inside the neonatal brain represents the cerebrospinal fluid that surrounds the human
brain. It’s relative thickness and location are arbitrary. Eight equally spaced isotropic
sources and detectors are placed around the circumference of the medium to obtain the
forward model and reconstruction model results. P, and P; angular approximations are
used to obtain the steady state forward and inversion calculations. The same sized mesh
is used to generate both the synthetic data and the inversion reconstruction. The mesh
used for the forward and inverse reconstruction contained 2210 nodes and 3296 bi-linear
quadrilateral elements. Both the absorption and scattering regularisation penalty levels
(7. and ~y4) are initially set to 100 and are annealed downwards by a factor of 1.5 after
each Levenberg-Marquardt iteration. The step length damping coefficient, A, is initially
set to 0.1. The x co-ordinate and y co-ordinate positions of each of the sources and detec-

tors placed around the circumference of the medium are illustrated in table 7.1.

Figure 7.21 compares the converged absorption (left hand side) and scattering (right hand
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Figure 7.20: A two dimensional structured finite element circular mesh of diameter 7cm

with an embedded void-like ring of thickness 0.5cm. The ring extends between a radius

of 2cm to a radius of 2.5cm from the centre of the domain. The steady state problem has

2210 nodes and 3296 bi-linear quadrilateral elements.

alem=1) | g1, fem1)
Background Medium 0.2 7.5
Ring Region 0.0 0.0

Table 7.9: Optical absorption and scattering coefficients for a circle 7cm in diameter

containing an embedded void-like ring of thickness 0.5cm.
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side) reconstruction results for the problem geometry described in figure 7.20 and table
7.9. Py (top) and P; (bottom) angular approximations were used to perform the inver-
sion calculations. The results confirm that for steady state void like configurations -in
which diffusion theory is not valid- full transport theory is necessary to reconstruct an
objects material structure. A P; angular expansion or above approximates full transport
theory. Figure 7.21 provides visual evidence that during the Ps5 scattering reconstruc-
tion, the algorithm finds the correct location of the transparent ring. The thickness of the
void is overestimated. The P; angular approximation fails to reconstruct the absorption
material structure. Instead of reconstructing a ring-like region, a large circular void is re-
constructed similar to the circular void described in figures 7.9 and 7.10. The P, angular
approximation fails to reconstruct both the scattering and absorption material structure.
According to the P, images described in figure 7.21, the ring-like structure described
in the original problem geometry (figure 7.20) does not exist. The results suggest that
the diffusion approximation to the steady state Boltzmann transport equation has limited
use when considering void modelling. The diffusion approximation is therefore largely

inappropriate for modelling neonatal head phantoms.

The relative magnitudes of the absorption and scattering coefficients are approximated
fairly accurately although they are never completely resolved. The P; angular expansion

approximates the magnitude of the absorption coefficient, 1, to extend from 0.182cm ™!

1

to approximately 0.0147cm™", while the magnitude of the scattering coefficient extends

from approximately 8.41cm™~! to approximately 0.0871cm ™. The P; angular expansion

approximates the magnitude of the absorption coefficient, 1, to extend from 0.214cm ™!

to approximately 0.0232cm !

, while the magnitude of the scattering coefficient extends
from approximately 8.41cm ™" to approximately 0.527cm ™. The legend illustrated at the
bottom of figure 7.21 depicts the range in magnitude of the absorption coefficient (left
hand side) and scattering coefficient (right hand side) for the P angular approximation
described above. For both P, and P; angular approximations, the magnitudes of both
the scattering and absorption coefficients of the inhomogeneous ring indicate that a void
is present but is overestimated. The magnitude of the background scattering coefficient

is also overestimated for both P; and P; angular approximations. The magnitude of the

scattering coefficient reconstruction of the internal cylinder (contained on the inside of
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Figure 7.21: Absorption (left hand side) and scattering (right hand side) reconstruction
results for a circular problem containing an embedded transparent ring. P; (top) and P;
(bottom) angular expansions are used to obtain the steady state reconstruction results. The
calculations took 13 iterations and 24 iterations to converge during the P, and P5 angular
approximations respectively. The legend illustrated at the bottom of the figure depicts the
range in magnitude of the absorption coefficient (left hand side) and scattering coefficient

(right hand side) for the P; angular approximation.
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Figure 7.22: Error functional as a function of iteration number. During both P; (top
graph) and P; (bottom graph) angular approximations the error functional is reduced most
dramatically during early stages of the inversion. A sharper descent in the error functional

is observed for the P angular approximation.
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the inhomogeneous ring), described in the P5 reconstruction is slightly underestimated.

Transport theory scattering and absorption image reconstructions may be improved by
using a higher order angular approximation (i.e. Ps, P;, Py, etc ....) or by introducing
more information into the imaging domain. Additional information can be introduced into
the imaging domain by using more sources and detectors, incorporating time-dependent
information, applying a sophisticated regularisation scheme or by developing a tracer

distribution/fluorescence method.

Figure 7.22 illustrates the error functional as a function of the iteration number using
P, (top graph) and P5 (bottom graph) angular approximations. The P; angular approx-
imation converged after 13 iterations from an error functional of /' = 10.42 to an error
functional of /' = 0.0733. The P angular approximation converged after 24 iterations
from an error functional of F' = 8.22 to an error functional of F' = 0.012. The con-
vergence criterion is chosen so that once convergence is met, increasing the number of
iterations does not change the inversion model significantly. In other words, even after 50
iterations the ring-like material structure is never resolved for P; calculations. For both P;
and P; angular approximations the error functional is reduced most dramatically during
early stages of the inversion (i.e. during the first six iterations). The penalty contribution
to the error functional takes greatest effect after the third iteration. Deeply embedded
material structure emerges when the penalty contribution to the error functional is larger

than the data misfit contribution to the error functional.
I ncor porating Time Dependent | nformation into the Imaging Domain

Using a time dependent signal provides a means of introducing more information into the
imaging domain [44]. Transient inversion may therefore be used to improve the quality
of absorption and scattering coefficient reconstructions inside a given medium. The sim-
ulation geometry described in figure 7.23 depicts a series of circular problems, 7cm in
diameter. The circular domains contain embedded transparent rings of thicknesses (from
left to right) 0.125cm, 0.25cm, 0.5cm (like in the previous steady state example) and
0.75cm respectively. The rings are embedded 1cm deep into the respective media. The
absorption and scattering coefficients of the background medium and each of the embed-

ded voids are the same as those described in table 7.9. For each of the model geometries,
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Figure 7.23: Two dimensional structured finite element circular meshes of diameter 7cm
with embedded void rings of thicknesses (from left to right) 0.125cm, 0.25¢m, 0.5cm,
and 0.75cm. The rings are embedded 1.0cm from the surface of the domain. Each of the
time dependent problems have 2210 nodes, 3296 bi-linear quadrilateral elements and 5

Discontinuous Galerkin time steps.

the photon velocity is set arbitrarily to 1 and a time step of At = 5 is used. Eight equally
spaced isotropic sources and detectors are placed around the circumference of the medium
to obtain the forward model and inverse model reconstruction results. The sources and
detectors are located in the same positions as those used to obtain the steady state recon-
struction results described in figure 7.21. A P; angular approximation is used to obtain the
time dependent forward model and inversion model calculations along with a Levenberg-
Marquardt optimisation method. The finite element mesh used has 2210 nodes, 3296
bi-linear quadrilateral elements and 5 Discontinuous Galerkin time steps. Both the ab-
sorption and scattering regularisation penalty levels (v, and ) are initially set to 10,000
and are annealed downwards by a factor of 1.5 after each Levenberg-Marquardt iteration.
The step length damping coefficient, ), is initially set to 0.1. As an initial guess, a ho-
mogeneous medium is chosen with optical properties that equal the background. In other

words p, = 0.2cm and ,u; = 7.5cm.

A Discontinuous Galerkin technique is used to discretise the time domain. The Discon-
tinuous Galerkin method has the ability to use large time steps while still capturing the
essential features of the time dependent signal [44]. Figure 7.24 depicts scalar flux as a
function of two dimensional space (x and y) for the exact solution at time levels 1 (top

left hand side graph), 2 (top middle graph), 3 (top right hand side graph), 4 (bottom left
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Time Levels 4 — 5

Figure 7.24: Scalar flux as a function of two dimensional space (x and y) for the exact
solution at time levels 1 (top left hand side graph), 2 (top middle graph), 3 (top right
hand side graph), 4 (bottom left hand side graph), and 5 (bottom right hand side graph)
respectively. A P, angular approximation has been used to obtain each of the above
images. The scalar flux extends up to a maximum magnitude of over 100cm ~2s~! during
the first time step, 250cm 257! during the second time step, 125¢m ~2s~! during the third

time step, 5cm 25! during the fourth time step and 25¢m =25~ ! during the fifth time step.
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hand side graph), and 5 (bottom right hand side graph) respectively. A single source is
illustrated and is placed at x- y- co-ordinate position (-3.5, 0.0). The transparent ring has
a thickness of 0.5cm. The numerical delta function signal begins as a large, slim peak
before propagating through the medium as time increases. Figure 7.24 illustrates how
the scalar flux disperses through the medium and how the magnitude of the peak scalar
flux decreases as a function of time. The scalar flux extends up to a maximum magni-

tude of over 100cm =2

57! during the first time step, 250cm 25! during the second time
step, 125¢m~2s~! during the third time step, 5¢m~2s~! during the fourth time step and
25c¢m 257! during the fifth time step. A noteworthy feature is the channeling of the scalar

flux through the transparent ring during time levels 4 and 5.

Figure 7.25 compares the absorption (left hand side images) and scattering (right hand
side images) reconstruction results for each of the problem geometries described in figure
7.23. A P, angular approximation was used to perform the transient forward model and
inversion model calculations. The reconstruction was performed for 50 iterations. The
top set of images describe the absorption and scattering reconstruction results for a ring
thickness of 0.125cm. The top middle set of images describe the absorption and scattering
reconstruction results for a ring thickness of 0.25cm. The bottom middle set of images
describe the absorption and scattering reconstruction results for a ring thickness of 0.5cm,
while the bottom set of images describe the absorption and scattering reconstruction re-
sults for a ring thickness of 0.75cm. Figure 7.25 provides visual evidence that during the
Py inversion calculation, the algorithm finds the correct location and approximate size
of the transparent ring for both absorption and scattering reconstructions providing the
transparent ring does not exceed a thickness of 0.5cm. The most accurate reconstruction

images are observed for ring thicknesses of 0.25cm and 0.5cm.

Figure 7.25 illustrates that incorporating time dependent information into the imaging
domain has a significant effect on image quality. When comparing reconstructions per-
formed using steady state radiation transport theory (figure 7.21) to reconstructions per-
formed using transient radiation transport theory (figure 7.25) it is clear that visualisations
obtained using time dependent information appear sharper and more accurate than those
obtained using steady state transport. The scattering coefficient reconstruction of the

transparent ring appears clearer and the thickness appears more accurately resolved when
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e) and scattering (right hand side) reconstruction

id

Figure 7.25: Absorption (left hand si

results for a circular problem containing an embedded void ring. Ring thicknesses of

0.125cm (top images), 0.25cm (top middle image), 0.5cm (bottom middle image) and

dependent P, angular expansion is per-

0.75cm (bottom image) are investigated. A time

formed for 50 iterations.



7.3 Numerical Examples 257

comparing P transient information to Ps steady state information. During steady state
radiation transport the absorption coefficient reconstruction fails to reconstruct a ring-like

structure during both P, and P5 angular expansions.

Figures 7.26 and 7.27 depict absorption coefficient (left hand graphs) and scattering coef-
ficient (right hand graphs) reconstruction results as a function of distance along the x-axis
for the P, angular approximations described in figure 7.25. Figure 7.26 illustrates the
inversion model results for ring thicknesses of 0.125cm (top set of graphs) and 0.25cm
(bottom set of graphs), while figure 7.27 illustrates the inversion model results for ring
thicknesses of 0.5cm (top set of graphs) and 0.75cm (bottom set of graphs). During each
of the image reconstructions, a line is drawn from the middle of the y-axis, at co-ordinates
(0.0, -2.5), (0.0, 2.5). The solid line represents the exact solution, while the dashed line

represents the reconstruction result after 50 iterations.

Figures 7.26 and 7.27 confirm that the most accurate image reconstruction results are ob-
tained for void thicknesses of 0.25cm and 0.5cm. The relative magnitudes of the absorp-
tion and scattering coefficients are approximated fairly accurately. For ring thicknesses
of 0.25cm and 0.5cm, the magnitude of the absorption coefficient, 1., ranges from ap-
proximately 0.15c¢cm~! to approximately 0.02cm ™, while the magnitude of the scattering
coefficient ranges from approximately 15.0cm ™! to approximately 0.15cm ™. The magni-
tudes of both the absorption and scattering coefficient reconstructions indicate that a void
is present but are both overestimated inside the transparent void. Another noteworthy ob-
servation is that the thickness of the transparent void is most accurately resolved during
absorption coefficient reconstructions. During scattering coefficient reconstructions the

thickness of the transparent void is over approximated.

The top set of graphs illustrated in figure 7.26 describe the reconstruction results for a
transparent void of thickness 0.125cm. While a ring of the correct approximate thick-
ness is reconstructed for both absorption and scattering coefficient reconstructions the
results look less visually pleasing than those reconstructed for rings of thickness 0.25cm
and 0.5cm respectively. The relative magnitudes of the absorption and scattering coeffi-
cients are approximated fairly accurately . The magnitude of the absorption coefficient,

1

[Lq, Tanges from approximately 0.15cm~! to approximately 0.05cm ™!, while the magni-
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Figure 7.26: Absorption coefficient (left hand side) and scattering coefficient (right hand
side) as a function of distance along the x-axis for a transparent ring of thickness 0.125cm
(top set of graphs) and a transparent ring of thickness 0.25cm (bottom set of graphs). The
solid lines represent the exact solution, while the dashed line represents the transient P,

reconstruction after 50 iterations.
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Figure 7.27: Absorption coefficient (left hand side) and scattering coefficient (right hand

side) as a function of distance along the x-axis for a transparent ring of thickness 0.5cm

(top set of graphs) and a transparent ring of thickness 0.75cm (bottom set of graphs). The

solid lines represent the exact solution, while the dashed line represents the transient P,

reconstruction after 50 iterations.



7.3 Numerical Examples 260

T T T T T T T T T

@@ Void Thickness = 0.125cm
™ e —a B Void Thickness = 0.25cm =
. \ .. @ —¢ Void Thickness = 0.5cm ]
— .- \ L A - A Void Thickness = 0.75cm 9

Error Functional

0' I 1 l 1 l 1 l 1 l 1
0 10 20 30 40
Iteration Number

Figure 7.28: Reduction of the error functional during the first 50 iterations of the transient
inversion illustrated in figure 7.23. The solid line represents the reduction in error func-
tional for a transparent ring of thickness 0.125cm, the dashed line represents the reduction
in error functional for a transparent ring of thickness 0.25cm, the dot-dashed line repre-
sents the reduction in error functional for a transparent ring of thickness 0.5cm and the
dotted line represents the reduction in error functional for a transparent ring of thickness

0.75cm.

tude of the scattering coefficient ranges from approximately 15.0cm ™ to approximately
0.11cm™!. Inversion calculations performed on a void of thickness 0.75cm fail to recon-

struct a useful image during both absorption and scattering reconstructions.

During each of the image reconstructions described in figures 7.25, 7.26 and 7.27 the
magnitude of the background scattering coefficient is overestimated (by varying degrees)
in regions where eight image artefacts exist. The eight image artefacts are located in the
vicinity of where the eight sources and eight detectors are situated. The scattering coef-
ficient magnitudes contained in these regions could be improved either by increasing the
regularisation penalty levels, v, and 7,0, or by utilising a more sophisticated regularisation

strategy.
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Figure 7.28 illustrates error functional as a function of the iteration number during the
first 50 iterations of the time dependent P, angular approximations described above. The
solid line represents the reduction in error functional for a transparent ring of thickness
0.125cm, the dashed line represents the reduction in error functional for a transparent ring
of thickness 0.25cm, the dot-dashed line represents the reduction in error functional for
a transparent ring of thickness 0.5cm and the dotted line represents the reduction in error
functional for a transparent ring of thickness 0.75cm. The error functional is reduced
by two orders of magnitude for void thicknesses of 0.25cm and 0.5cm and by one order
of magnitude for void thicknesses of 0.125cm and 0.75cm. The reduction of the error
functional therefore supports the observation that void thicknesses of 0.25c¢m and 0.5cm

provide better image reconstruction results.

Figure 7.29 illustrates scalar flux as a function of time for the first source at the second
detector location (top left hand graph), the third detector location (top right hand graph),
the fourth detector location (bottom left hand graph) and fifth detector location (bottom
right hand graph). Figure 7.30 illustrates scalar flux as a function of time for the first
source at the sixth detector location (top left hand graph), the seventh detector location
(top right hand graph), and the eighth detector location (bottom left hand graph). The
eight isotropic sources and detectors are placed equidistantly around the circumference
of the domain. The exact scalar flux solution obtained using 5 Discontinuous Galerkin
time steps (solid line) is compared alongside the exact scalar flux solution obtained using
25 Discontinuous Galerkin time steps (dotted line) to illustrates that the Discontinuous
Galerkin method has the ability to use large time steps while still capturing the essential
features of the time dependent signal. The co-ordinate positions of each of the individual
sources and detectors are described in table 7.1. Figures 7.29 and 7.30 compare the exact
solution (solid line) to the forward model result after 1 iteration (dot-dashed line) and
the forward model result after 50 iterations (dashed line). The detector response received
at the first detector has been omitted from the calculations (using the weight function)
because the large source-detector sensitivities observed when sources and detectors are
placed too close together are not regarded as reliable. The first detector has been placed

on top of the first source.

Important features illustrated in figures 7.29 and 7.30 include the symmetry of the mod-
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Figure 7.29: Scalar flux versus time for the first source at a) the second detector location,
b) the third detector location, ¢) the fourth detector location and d) the fifth detector
location. The graphs compare the exact solution (solid line) to the forward model result
after 1 iteration (dot-dashed line) and the forward model result after 50 iterations (dashed
line). Calculations were performed for a void of thickness 0.25cm. The exact solutions

using 25 Discontinuous Galerkin time steps are also illustrated (dotted line) in each graph.
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Figure 7.30: Scalar flux versus time for the first source at a) the sixth detector location,
b) the seventh detector location, and c) the eighth detector location. The graphs compare
the exact solution (solid line) to the forward model result after 1 iteration (dot-dashed
line) and the forward model result after 50 iterations (dashed line). Calculations were
performed for a void of thickness 0.25cm. The exact solutions using 25 Discontinuous

Galerkin time steps are also illustrated (dotted line) in each graph.
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elling domain and the convergence characteristics of the inverse problem. The similarity
in scalar flux versus time graphs at the second and eighth detector locations, the third
and seventh detector locations and the fourth and sixth detector locations indicate that
the model is symmetric and that the sources and detectors have been placed equidistantly
around the circumference of the medium. In other words, the second and eighth detectors,
third and seventh detectors and the fourth and sixth detectors are placed at equal distances
away from the source. Thus the signal received at each of the detector pairs remains
the same. Another interesting feature observed during the second and eighth detector re-
sponse is the peak in the scalar flux during the initial part of the time sequence. This peak
is observed when calculations are performed for 25 Discontinuous Galerkin time steps
and represents the short amount of time the source pulse is activated and the integration
of the spatial resolution. In other words the peak is a numerical representation of the delta
function in time. The source has been placed on the first of five Discontinuous Galerkin

time units.

The convergence characteristics show that as the number of iterations is increased the
detector response at each of the source-detector pairs approaches that of the exact solution.
Figure 7.31 illustrates scalar flux as a function of time for the first source and the third
detector position. The graph compares the exact solution (solid line) to the forward model
result after 1 iteration (two dots and a dashed line), the forward model result after 25
iterations (dashed line), and the forward model result after 50 iterations (dot dashed line).
The exact solutions using 25 Discontinuous Galerkin time steps are also illustrated (dotted
line) in each individual graph. The top left hand side graph corresponds to results obtained
using a void thickness of 0.125cm while the top right hand side graph describes results
obtained using a void thickness of 0.25cm. The bottom left hand side graph corresponds
to results obtained using a void thickness of 0.5cm while the bottom right hand side
graph describes results obtained using a void thickness of 0.75cm. After 50 iterations
the scalar flux graphs at each of the source-detector pairs converges close to that of the
exact solution. The convergence criterion is chosen so that once convergence is reached,

increasing the number of iterations does not change the inversion model significantly.
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Figure 7.31: Scalar flux versus time for the first source and the third detector position. The
graph compares the exact solution (solid line) to the forward model result after 1 iteration
(two dots and a dashed line), the forward model result after 25 iterations (dashed line), and
the forward model result after 50 iterations (dot dashed line). The exact solutions using
25 Discontinuous Galerkin time steps are also illustrated (dotted line) in each individual
graph. The top left hand side graph corresponds to results obtained using a void thickness
of 0.125cm while the top right hand side graph describes results obtained using a void
thickness of 0.25cm. The bottom left hand side graph corresponds to results obtained
using a void thickness of 0.5cm while the bottom right hand side graph describes results

obtained using a void thickness of 0.75cm.
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Figure 7.32: Absorption (top image) and scattering (bottom image) reconstruction re-
sults for a circular problem containing an embedded transparent ring. The ring is 0.5cm
thick and is embedded 1cm deep inside the domain. The inversion was performed for 50

iterations using a P, angular expansion. The data contained 20 % random noise.

I ncorporating Noiseinto the Time Dependent Imaging Domain

The ill-posed nature of inverse problems means that there are limitations on what images
can accurately be reconstructed. The images also degrade when noise is added to the data.
When developing a reconstuction algorithm it is usual to initially test that algorithm on
simulated data before adding measurement error to the image reconstruction. A pseudo
random number generator has been used to add independent Gaussian noise to each mea-
surement. The independent Gaussian noise provides a good approximation to the true

statistics of the data error [176].
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Figure 7.32 illustrates the absorption (top image) and scattering (bottom image) recon-
struction images for the circular problem described in figures 7.23 and 7.25. Figure 7.32
contains a 0.5cm thick transparent ring embedded 1cm deep inside the domain. The in-
version was performed for 50 iterations using a a transient (At = 5) P; angular expansion.
The data also contained 20 % random noise. The absorption and scattering coefficients
of the background medium and the embedded void are the same as the absorption and

scattering coefficients described in table 7.9.

The algorithm finds the correct location and approximate size of the embedded void for
both absorption and scattering reconstructions despite the substantial noise added to the
imaging domain. A slight degradation in image quality is observed but the additional

information supplied by utilising time dependence minimises this effect.

7.4 Conclusion

A multi-dimensional inversion scheme has been developed to describe the transport of
near infrared photons during medical optical tomography. The transport of optical radia-
tion is described according to the one-speed Boltzmann transport equation. The discreti-
sation has been designed specifically for inverse problems and is designed to work well

for both optically thick (diffusive) and transparent media.

Four synthetic models have been used to demonstrate the simultaneous reconstruction of
absorption and scattering material properties inside a host medium containing one or more
transparent voids. While, the phantom problems are simple it is hoped that the inversion
method will eventually be applied to real life medical imaging scenarios. Examples of
transparent regions encountered in biological media include the cerebrospinal fluid that
surrounds the human brain and synovial fluid contained between joints. The examples
illustrate the enhanced imaging achievable when time dependent information is incorpo-

rated into the imaging domain and when full radiation transport theory is considered.



Chapter 8

Conclusion

Most pathological conditions are caused by a change in the biochemistry of tissue. Chem-
ical changes can cause deficiencies in organ function and changes in the physical structure
of tissue. The most reliable way of diagnosing and monitoring the treatment of disease is
to look for changes in tissue samples that have been taken from a patient during a biopsy.
Medical imaging methods provide a means of probing biological media, without the need
for invasive surgery. Optical tomography provides a low cost alternative to conventional
imaging tools such as X-ray imaging; X-ray computed tomography, ultrasonic imaging,
magnetic resonance imaging and nuclear medicine. During Medical optical tomogra-
phy near infrared radiation (of wavelength 650-900nm) is incident on the surface of a
biological medium, in an attempt to reconstruct the spatial distribution of internal tissue
optical properties. While optical tomography provides a low cost, non-invasive functional
imaging method, a lack of appropriate instrumentation and the absence of sophisticated

scattering models have limited its development as a conventional imaging tool.

For strongly scattering environments (such as those posed in near infrared optical tomog-
raphy) the progressive influence of scattering with distances makes the scattering problem
complex and non-linear. There is not a generally applicable direct method for imaging
highly scattering phenomena and, instead, non-linear inversion methods are applied to
evaluate optical properties. A multi-dimensional inversion technique has been developed

here to describe the transport of photons during optical tomography. The nature of the

268
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inverse problem is to determine the two and three dimensional distribution of material
properties contained deep inside a host medium both for arbitrary model geometries and
for arbitrary source and detector positions along the boundary of the domain. As such the
flow of neutral particles through a medium of randomly scattering and absorbing particles

is considered.

8.1 Radiation Transport Using the Boltzmann Transport

Equation

The quality of optical property reconstruction is strongly dependent on the accuracy of the
forward model. The propagation of light is fundamentally described according to elec-
tromagnetic theory but can be simplified to (radiation) transport theory by ignoring wave
phenomena such as polarisation and interference and particle effects such as inelastic col-
lisions. Transport theory provides a deterministic numerical method that describes the
migration of neutral particles according to the Boltzmann transport equation. In this work
both steady state and transient forms of the mono-energetic Boltzmann transport equation
have been used to model the distribution of optical radiation inside a given medium. Prior
to inversion a direct numerical discretisation scheme, subdivides the solution domain into
a finite number of angle, (2 = (0, w), space (r = (z,y, z)), and time, (¢), components.
Spatial discretisation is achieved using a Streamline Upwinded Petrov-Galerkin (SUPG)
formulation, the angle of photon travel is described according to spherical harmonics and
the time variable is discretised using a Discontinuous Galerkin (DG) representation in the

time domain.

The SUPG method has been designed specifically for inversion regimes and yields a set of
discrete equations that can be differentiated with respect to an object’s material properties.
This allows gradients to be formed as part of the inversion procedure. The SUPG method
also incorporates an exponential stabilisation matrix, in order to provide the numerical
dissipation necessary to model biological media. The exponential stabilisation matrix

provides an adequate amount of weighting to model both optically thick (diffusive) and
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transparent media, media with highly scattering and absorbing material properties and

media with abruptly changing material properties.

Many time discretisation techniques result in poorly conditioned linear equations. The
time dependent signal is often resolved using either a transform (e.g. a Laplace transform)
or a truncated Fourier series expansion, which frequently require complex checkpointing
algorithms or a large amount of computer memory. As such, many research groups prefer
not to resolve the time dependent signal, and instead chose to map the governing equa-
tions into the frequency domain. The Discontinuous Galerkin discretisation of the time
domain has the ability to use large time steps while still achieving a high order of accuracy
in time. The discretisation is second order accurate at the end of each time level and third
order accurate at the beginning of each time level. The Discontinuous Galerkin method
therefore saves on computer memory and may therefore not require the use of check-
pointing algorithms. Unlike Fourier analysis, Discontinuous Galerkin discretisations do
not require the time domain to be periodic and surpress Gibbs oscillations that result from
abruptly changing time signals. For each of the geometries considered throughout this
thesis, the photon velocity has been set arbitrarily to 1 and just 5 Discontinuous Galerkin

time units are used.

8.2 Inversion Described asa Functional Optimisation

The inversion has been posed as a functional optimisation problem [41, 69, 74, 75, 76].
Functional optimisation techniques employ a forward model that provides detector read-
ings based on estimates of the distribution of optical properties inside the medium. The
predicted detector readings are compared alongside observed data and are quantified us-
ing an error functional. The functional is minimised by updating the trial optical proper-
ties and performing new forward calculations with these updated optical properties. The
material properties are iteratively updated using a gradient based optimisation method
until the predicted data agrees with the detector readings. The final distribution of optical

properties then provides a useful image.
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Non-linear inversion schemes are frequently ill-posed. Using appropriate model covari-
ance constraints, a suitable data weighting regime, and including any available a priori
information can remedy concerns associated with non-uniqueness and limited data cov-
erage. Functional optimisation techniques are highly desirable because they allow the
straightforward inclusion of model covariance constraints by including additional terms
in the error functional. Model covariance regularisation overcomes the problem of ill-
posedness at the expense of limiting the allowed models to a class of model that is compat-
ible with the provided model covariance information. Calculations performed throughout
this thesis have incorporated regularisation terms associated with penalising both struc-

ture and deviation from the starting model.

During structural regularisation, large regularisation constraints are initially used that pro-
vide homogeneous model updates. The regularisation constraints are relaxed as iterations
progress. This ensures large scale structures emerge during early iterations and that more
complex structures emerge during later iterations. Regularisation associated with the de-
viation from the starting model is achieved by controlling the conditioning (i.e. the di-
agonal dominance) of the Hessian matrix to ensure it does not become singular and to
ensure that the preconditioning matrix remains a good approximation of the Hessian ma-
trix. Data weighting has also been used to assist the inversion. The weighting function
typically has three contributions. In the first two contributions each source-detector pair
is weighted according to the confidence in the datum and the preferential weighting of the
datum. The final contribution arises from the way in which sources and detectors are dis-
tributed using a Gaussian approximation. Generally, data weighting has been chosen so
as not to put excessive emphasis on short range inversion information obtained by placing

sources and detectors close to one another.

Our research has primarily focused on the development of a gradient based, second or-
der Levenberg-Marquardt optimisation scheme. The Levenberg-Marquardt method is a
least squares optimisation technique in which matrix-vector multiplication between the
first order gradient of the error functional and second order approximate Hessian ma-
trix is sought. Although Levenberg-Marquardt methods involve computationally time
consuming calculations involving both Jacobian and approximate Hessian matrices, the

assembly and storage of the Jacobian and approximate Hessian matrix may be bypassed
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alongside the need to implicitly invert the approximate Hessian. This is achieved us-
ing preconditioned linear conjugate gradient (PCG) solvers. Therefore a variant of the
Levenberg-Marquardt optimisation strategy has been developed, in which only vector-

vector multiplication of these matrices is required.

Another significant advantage of using second-order techniques such as the Levenberg-
Marquardt method is its ability to treat regularisation terms implicitly. First order tech-
niques, such as non-linear conjugate gradient methods, are guided primarily by the gra-
dient of the error functional. Material properties are therefore mainly adjusted around the
sources and detectors, since it is here that the gradient sensitivities are largest. During
the first non-linear conjugate gradient iteration, the gradient contains no regularisation
contribution since the initial model is homogenous. Therefore the model after the first
non-linear conjugate gradient iteration is not influenced by regularisation and any damage
caused by a step in a structurally unregularised direction remains throughout the inversion

(this could provide and example of null space contamination [176])

In contrast, the implicit nature of the Levenberg-Marquardt method enables struc-
turally regularised inversion so that deeply embedded objects may be resolved even dur-
ing the first Levenberg-Marquardt iteration. The regularisation parameters prevent mate-
rial properties being adjusted primarily around the sources and detectors. Second order
Levenberg-Marquardt calculations have been compared alongside first order non-linear
conjugate gradient methods to illustrate the enhanced imaging achievable using implicit

regularisation and second order inversion techniques.

8.3 Reconstruction Results

A number of synthetic problems are used to demonstrate the simultaneous reconstruc-
tion of absorption and scattering material properties inside a host medium. While, the
phantom problems are simple it is hoped that the inversion method will eventually be
applied to real life medical imaging scenarios. The examples illustrate the need to use

full radiation transport theory, when considering transparent regions, during steady state
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optical imaging. The examples also illustrate the enhanced imaging achievable when time

dependent information is incorporated into the imaging domain.

Since the transport of radiation through biological tissue is often regarded as diffuse,
many groups still use radiation transport models that rely on the diffusion approximation
to the more generally applicable Boltzmann transport equation. The diffusion approxi-
mation represents a spherical harmonic expansion of the Boltzmann transport equation
truncated to first order (i.e. a P; angular expansion). While diffusion theory remains a
good approximation for light transport in tissue, diffusion theory fails in regions that are
not regarded as diffuse, such as the clear, virtually transparent layer of cerebrospinal fluid
(CSF) that circulates around the human brain or the synovial fluid contained between
joints. These regions do not comply with the constraints of the diffusion approximation
and must therefore be accounted for. Radiation transport models that rely on the Boltz-
mann transport equation can tolerate tissues that do not comply with the constraints of
the diffusion approximation. Radiation transport models provide a suitable alternative to
diffusion theory but are conceptually more difficult and require large computational time

scales to perform an image reconstruction.

A full radiation transport model has been considered and compared alongside calculations
performed using the diffusion approximation to the Boltzmann transport equations. Cal-
culations have been performed using either P;, P; or P; angular expansions. As the order
of the angular approximation is increased, image resolution and contrast is generally im-
proved. However, the computational time scales required to perform an image reconstruc-
tion are also increased. For strongly scattering environments a P; angular approximation
(and hence diffusion theory) provided a suitable means of modelling radiation transport.
For imaging domains containing transparent regions a P; angular approximation was not
found to provide a suitable means for modelling radiation transport and instead both P;
and P; angular expansions provided suitable alternatives. The P; angular expansion failed
completely when trying to reconstructed embedded ring-like structures during steady state

radiation transport.

The enhanced imaging achievable using time dependent information has also been con-

sidered. Time dependent radiation transport provides a significant improvement in image



8.4 Recommendations for Future Work 274

quality and contrast during both P; and P5 angular approximation reconstructions. The
ability to use large time steps has enabled the analysis of the temporal signal without need-
ing to significantly increase computer memory. The computational time scales required
to perform an image reconstruction are also not prohibitive. An interesting observation
is the significant improvement in image quality achieved when reconstructing transparent
rings embedded into highly scattering environments. A P; angular approximation per-
formed using time dependent radiation transport provided a significant improvement in
image quality compared to both P; and P; steady state angular expansions. The tran-
sient P; inversion managed to reconstruct a ring-like structure for both absorption and
scattering reconstructions, while the P5 steady state approximation managed to resolve
a ring-like structure for scattering coefficient reconstructions only. The P; steady state
approximation was not able to resolve a ring-like structure during either the absorption

coefficient or the scattering coefficient reconstructions.

8.4 Recommendationsfor Future Work

This thesis has presented a number of mathematical techniques that have contributed to-
wards the development of optical tomographic image reconstruction. Future research
must concentrate on improving the contrast and resolution of images, removing unwanted
image artefacts and performing progressively more sophisticated and clinically relevant
examples. A systematic investigation is therefore needed to fully understand the limita-
tions of the reconstruction algorithm. Limiting factors that ought to be considered include
geometry, the location of the sources and detectors and the appropriate use of a priori in-

formation. Specific suggestions for future research are further summarised:

Anisotropic Scattering and Anisotropic Materials

The reconstruction algorithm that has been described models a simplistic geometry in
which both particle scattering and the medium’s material properties are assumed to be

isotropic. Biological tissue has an anisotropic, inhomogeneous material constitution [7,
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64, 103], which can restrict photon transport in certain directions. In a layered tissue
environment the subsurface is found to be smooth in the layering plane but rough perpen-
dicular to the layering plane. It is therefore essential to model anisotropic media when
considering particle scatter [177, 178, 179, 180, 181]. This is achieved by making the
absorption and scattering coefficients angularly dependent (1,(r, €2), and p(r, €2)) and

expanding that angular dependence into a finite set of spherical harmonic, Py, functions.

Anisotropic scattering [182] in biological media is often described according to the Henyey-
Greenstein function [46]. Anisotropic scattering is of particular interest when modelling
largely voided configurations [179, 180]. If isotropic scattering is assumed, the small
scattering and absorption coefficients associated with photon travel through transparent,
void-like regions can be problematic especially when using low order Sy and Py approx-
imation techniques. It is therefore necessary to consider anisotropic scattering in regions

where high levels of scattering are not assumed.

Anisotropic Regularisation

If the material properties are anisotropic, ambiguities associated with the angular depen-
dent scattering anisotropy will be introduced into the domain. The regularisation matrix
outlined in chapters 5, 6 and 7 should therefore be replaced with a more appropriate reg-
ularisation scheme [75, 183, 184]. It is hoped that an appropriate regularisation operator
could be developed so that the optical tomographic inversion calculations provide unique

solutions.

Geometry

Each of the examples presented in this study have been formulated as simple two di-
mensional geometric approximations of biological media. More complex and realistic
geometries should be considered. It has been proposed that optical tomography could
eventually be used in conjunction with another imaging technique to monitor the progres-

sion of disease. It would therefore be very useful to obtain some experimental data (for
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example MRI or CT scans) so that the approximate geometry of a given tissue region may

be taken into account. It is also necessary to model three dimensional data.

Experimental Data

The optical properties of biological tissues and the refractive index mismatches between
boundary regions are largely unknown and therefore require further experimental investi-

gation if realistic phantoms are to be considered.

Activatable Tracers

During near infrared imaging information is often lost because near infrared photons are
scattered a large number of times before exiting the host medium. Fluorescent lifetime
inversion [102, 185, 186] could remedy the problem of multiple scattering by introducing
tracers into the imaging domain. Tracers are selected so that the photons emitted by
the tracers, when incident with near infrared radiation, have wavelengths that are not
as susceptible to scattering as near infrared wavelengths. This is equivalent to using
contrasting agents in X-ray imaging, ultrasonic imaging and magnetic resonance imaging,
or radiopharmaceuticals in nuclear medicine. The tracers are chosen according to their

‘uptake’ characteristics in certain tissue regions, organs or systems.

A multi-group [112] framework could be used to implement tracers or a method similar
to the method developed by Hielscher et al [47, 187, 188] could be applied. Further
optical fluorescence techniques are illustrated in [189, 190]. To model time-dependence,
a delayed neutron framework [112] may be used to measure the time delay associated

with the half-life of the florescent radiation emitted from transient particles.

Further Applications

While this thesis concentrates on medical imaging applications (and specifically medical

optical tomography applications) a range of further applications could also be consid-
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ered. Subject areas that could benefit from inversion technology include oceanography,

atmosperic science, astrophysics, geophysics and neutron physics.
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